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Abstract

The paper presents a human capital based theory of the sectoral transformation
along the balanced growth path equilibrium. Allowing a small upward trend in the
productivity of the human capital sector, combined with differential human capital
intensity and constant productivity across sectors, output gradually shifts over time
from relatively less human capital intensive sectors towards more human capital
intensive sectors. Sectors intensive in the factor that is becoming relatively more
plentiful find their relative prices falling, their "effective productivities" rising at
differential rates inversely to their relative price decline, and their relative outputs
expanding. Adding more sectors of greater human capital intensity causes labor
time to decrease across existing sectors, and by relatively more in the least human
capital sectors.
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1 Introduction

The paper formulates effective, differential, sectoral technological progress across sectors
through growth in the human capital stock. With sustained output growth through
balanced growth in both human and physical capital inputs (Lucas, 1988), plus constant
sectoral productivities, the effective sectoral productivity grows over time in the form of
the constant productivity factored by the human capital stock component of production.
The paper proves that if there is a increase in productivity in the linear human capital
investment sector (Lucas, 1988, without externalities), then along the balanced growth
path a relative reallocation results towards sectors more intensive in human capital.
The reallocation results because the price of the more human capital sectors falls
relative to less human capital sectors, an extension of Stolper-Samuelson (1941) and
Rybczynski (1955) factor reallocation amongst sectors within general equilibrium com-
petitive markets when productivity advances. With homothetic utility and Cobb-Douglas
goods production sectors with human and physical capital inputs (Uzawa, 1965, Mincer,
1981, Lucas, 1988), plus differential human capital intensity across sectors, a stylized
theory of structural transformation results from allowing productivity advance within

I These production specifications, which comprise

the human capital investment sector.
special cases of Stokey (2015),% allow the paper to provide a human capital based, theoret-
ical, account for stylized facts of how relative prices across sectors change over time, how
relative effective sectoral productivities moves inversely to the relative prices changes,
and how the time in education trends upwards as documented in data.

Given the human capital investment sector’s productivity increase, sectors relatively
more intensive in human capital face a continuing relative price decline that induces a
relative output expansion. It is shown that adding one more sector, with greater human
capital intensity than the other sectors with which the economy begins, labor shifts across
sectors towards the more human capital intensive sectors. This explains how relative labor
shares change as more human capital intensive sectors are added, such that the relatively
least human capital intensive sector, such as agriculture, sees a relatively largest decline
in its labor as share of total time allocation.

A set of individual industry facts on prices and productivity are constructed using
a selection of KLEMS data. Viewing the world through the Lucas (1988) production

approach, the paper offers an explanation of why the relative sectoral prices and pro-

L Cobb-Douglas output is also supported (in non-human capital) form by Herrendorf, Herrington, and
Valentinyi (2015).

2In particular, with ¢ = n = 1, in Stokey’s (2015) notation, her human capital investment sector is
the same as in this paper, in which the productivity factor of this sector is a function of time and an
aggregate human capital stock externality is absent. For the output production sector, this paper is
equivalent to Stokey in a special case when w = 1 and 8 = 0; Stokey contrains 5 > 0, uses only aggregate
output production rather than sectoral output production, as in this paper, and excludes leisure time,
unlike here.



ductivities move inversely as based on their human capital input intensity. More human
capital intensive sectors seeing relatively higher rises in productivities, as in their theoret-
ical effective productivities. And these sectors corresponding see relative price movements
inverse of their relative effective productivities, as also evident in the theory. Given the
premise of an balanced growth path increase in human capital investment sector pro-
ductivity, a long term rise in the time spent in human capital investment also results,
such as documented in Grossman et al. (2017).> In addition, it shows evolution from
a zero growth Malthusian world to a 2% sustained growth one (Grossman et al., 2017,
and Stokey, 2015), while allowing that growth empirically may be underestimated by

excluding "knowledge" capital in general, a focus of McGrattan (2017).4

2 Related Literature

Schultz (1964) uses human capital to explain the transition from traditional to modern
agriculture, as does Cochrane (1993) in terms of education; Lucas (2002, 2004) uses hu-
man capital to explain the shift from agriculture to manufacturing; and Stokey (2015)
uses human capital to explain the importance of foreign direct investment in making the
transition to sustained growth.” A newer literature without human capital, with less
standard utility or production functions, focuses on precise sectoral accounting, as in
Hansen and Prescott (2002), Rogerson (2008), Valentinyi and Herrendorf (2008), Her-
rendorf and Valentinyi (2012), and Herrendorf, Rogerson and Valentinyi (2013). With
standard utility and production functions, while using only differences in sectoral tech-
nological progress, Herrendorf, Herrington, and Valentinyi (2015) suggest that different
marginal products of labor across sectors may be due to human capital differentials. Her-
rendorf, Rogerson, and Valentinyi (2018) find differential total factor productivity across
sectors as an endogenous function for example of intangible capital, which includes some
human capital within its accounting according to McGrattan and Prescott (20010a,b,
2014) and McGrattan (2017).

Herrendorf and Schoellman (2018) employ differential human capital intensity across
sector such that low barriers are estimated for inputs moving amongst sectors.® Her-

rendorf, Herrington, and Valentinyi (2015) employ exponential rising exogenous techno-

3Stokey (2015) focuses on transition concepts such as countries falling off the sustained growth path;
Lucas and Moll (2014), as in this paper, focus instead on comparison of allocation along a sequence of
balanced growth equilibria.

4McGrattan (2017) suggests that growth is indeed underestimated without full accounting of knowl-
edge capital, with emphasis on intangible capital that also can include some human capital.

> Mundlak (2000,2005) focuses on going from agriculture to manufacturing; Johnson (2002) emphasizes
the rural to urban migration; Becker and Barro (1988) and Barro and Becker (1989) and Becker, Murphy
and Tamura (1990) emphasize the demograph/fertility transformation to high human capital society as
in the industrial revolution.

SHendricks (2002) uses human capital to explain immigrant earnings, while Stokey (2015) employs
human capital role for sustained growth.



logical change across sector; here such inferred technological change within each sector,
on the basis of only the raw labor and physical capital inputs in production, allows for
analytic human capital accounting of productivity such that productivity similarly rises
exponentially. Christian (2010, 2014) provides empirical accounting for human capital;
McGrattan (2010) outlines steps for inclusion of human capital within national income
accounting. Tamura et al. (2019) calculates human capital per worker internationally
by region. Jorgenson and Pachon (1982), Jorgenson and Fraumeni (1989, 1992a, 1992b)
and Fraumeni, Christian, and Samuels (2017, 2019) outline approaches to accounting
for human capital and including it within GDP, with productivity in the human capital
sector studied in Fraumeni (2012, 2018).

McGrattan and Prescott (2009, 2014) and McGrattan (2017) have approached the
problem by using firm’s ownership of such knowledge in the form of intangible investment
sectors within their economies and as used in their accounting. Beaudry and Francois
(2010) provide a theory of development that suggests that managerial skills are misclassi-
fied instead as total factor productivity (TFP). Beaudry et al. (2010) model technological
revolution through adoption of new skilled-labor-intensive technology, as there is a higher
fraction of skilled workers. Jovanovic and Rousseau (2008) show how the "technological
specificity of human capital grows" as technological variety enrichens from an increasing
division of labor, thereby providing microeconomic foundations to rising human capital
intensity in new sectors that take comparative advantage of dynamic knowledge accumu-

lation.

3 Empirical Evidence

Grossman et al. (2017) embrace a balanced growth approach to structural transformation
that relies on human capital. In Figure 1, reproduced here, they provide date on how US
human capital stock has trended up over 100 years, in terms of years of schooling, with a
falling rate of growth in this accumulation in later years. This is a feature that the model
below considers key to capturing structural change.”

Second consider five sectors from the KLEMS database. With 2012 as the base year
index point (100), and for the years 2000 to 2017, Figures 2 and 3 graph the output prices
and TFP for the United States industries by NAICS number of Agriculture (11), Ma-
chinery (333), Computers (334), Information (51), and Computer System Design (5415).%
Figure 2 shows the KLEMS data-base prices for Computers and Electronic Products
(CEP; NAICS 334) versus Agriculture, Forestry and Fishing (AFF).? These illustrate the

"See Tamura et al. (2019), Figures 4 and 5, for a rise in Education per worker for 200 years, across
international regions.

8 Bureau of Labor Statistics, KLEMS Multifactor Productivity Tables by Measure and Industry, Man-
ufacturing and Nonmanufacturing.

9Multifactor Productivity and Related KLEMS Measures from the NIPA Industry Database, 1987 to



p—
)
I
|

Years of Schooling
=
T
|

| | | | | |
1880 1900 1920 1940 1960 1980
Year of Birth

Figure 1: 100 years of US Schooling.

opposite comovement of prices and TFP; there is a fairly systemic opposite reordering of
sectors across the two graphs. This is as expected in standard homothetic models of struc-
tural transformation as in Herrendorf, Herrington, and Valentinyi (2018) (their equation
6), and in the model of the paper that follows.!’ Figure 3 shows that the KLEMS Total
Factor Productivities for the five sectors show on average a trend of the relative produc-
tivities to rise as well. The TFP of Information rises relative to Agriculture. The TFP of

Computers and of Computer System Design rises relative to Machinery and Agriculture.

4 Endogenous Growth Sectoral Model

Let the representative agent initially consume two sectoral goods, while investing in
both physical and human capital. Denote the goods as "agriculture" output y,;, and
"machinery" output ,,¢, with real prices of p4; and pys. The consumer current period
log utility u; is a function of these goods and leisure x;. Given parameters o € R, .,

as € Ryy, and ayy € Ry, the utility is
uy = alnxy + aslnya + oy Inyyy. (1)

The consumer buys these goods for a total cost of payar + pareynre, and invests 4; in
accumulating physical capital k; with a depreciation rate denoted and defined by ¢, €

(0,1). The ¢, investment is defined as

it = kt+1 - k't (1 - (Sk) . (2)

2017.

0Tn contrast to this paper’s KLEMS focus, Herrendorf, Herrington, and Valentinyi (2018) use sectoral
composition of goods and services to construct aggregate consumption and investment in the sense of
NIPA accounts.
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The consumer rents out this capital to each goods production sector, y4; and yy;.

Within each stationary state, balanced growth path (BGP) equilibrium, the produc-
tivity of the human capital investment sector, denoted by Ap, is constant (Lucas, 1988).
The consumer invests ig; in accumulating the stock of human capital h;, where iy, is
produced by the consumer using a production function linear in human capital. This
specification omits a physical capital input in order to derive analytic closed form solu-
tions of the sectoral equilibria, while keeping this iy; the most human capital intensive
sector. With a depreciation rate denoted and defined by d;, € (0,1), with Ay € R, and
with lg; > 0 denoting the share of time spent in producing human capital investment,
this linear production function implies that next period human capital stock h,,; is given
by:

th—ht (1—5h) :AHlcht—ht (1 —5h) :ht+1. (3)

The consumer’s time endowment of one is allocated between time working in agricul-

ture, l4, in machinery, [y, in human capital investment, /g, and in leisure x; :
1:lAt+lMt+lHt+xt~ (4)

The consumer’s shares of capital rented to the agriculture and machinery sectors, denoted

by s4; and sy, respectively, add to one:
IZSAt+3Mt- (5)

With both physical capital and human capital being rented by goods producing firms,
at the competitive equilibrium rates denoted by 7, and w;, respectively, the consumer
receives rental income of 1y (sa¢ + Sare) ke + wy (Lag + Lare) by, buys sectoral goods y4; and
yne at real prices pa; and py, respectively, while investing in physical capital such that

next period physical capital stock is given by:

T (sac + Saae) ke + we (Lae + L) be — pacyae — paynse + ke (1 — 6x) = Kiga. (6)

Given time preference [ = ﬁ < 1, and denoting the indirect utility at time ¢ as
V' (K¢, hy), the recursive consumer problem is the maximization of utility (1) with dis-
counted future period utility, SV (kii1,hir1), expressed with time ¢ + 1 physical and
human capital, k., and h.;q, substituted in from equations (3) and (6) while also sim-

plifying using time and goods allocation equations (4) and (5):

V (K, he)

= Max  {(aalnya + apylnyy + alnay)
Tt YAt YMt L

(7)

+0V ([wy (1 = lge — x¢) he + ke (L + 1 — 0k) — Daryar — Pareynae) s he (L4 Agelpe — 1))} -

6



The consumer’s first order equilibrium conditions are

a ov (kt+17 ht+1)

T — = hy = 0; 8

T s B thﬂ Wil ; ( )
A ov (k‘t+1, ht+1)

YAt Var pals ak?t+1 ( )
837} ov (k?t+1; ht+1)

YmMt e Pt Ok ( )

k h k h
o —p Y Behe) gy OV B he) g (11)

Ok 11 Ohiiq

Constraints (1) to (6) plus the following envelope conditions complete the consumer

equilibrium conditions:

8‘/ (kta ht) _ ﬂav (kt+1> ht+1)

ht aht akt+l Wt (1 — lHt — 'It) (12)
+ﬁ8v (kt-i-la ht-i—l) (1 + AHlHt o 5h),
8ht+1
X ov (kta h/t) o ov (kt-‘rh ht+1)
. 8]{}t = 6 a]{;ﬂ_l (]. —+ 1 (5k) . (13)

The representative firm in each sector produces output with Cobb-Douglas production
with inputs of human capital and physical capital. With [4;h; the amount of human
capital allocated to agriculture production, s4.k; the amount of physical capital allocated
to agriculture production, and given a constant a4 € R, the productivity parameter,

and v, € [0,1], the sectoral production technology for agriculture is

Yar = aA (lAtht)“ (SAtkt)liwA . (14)

This competitive goods producer maximizes profit Il 4;, with respect to the shares of labor

and capital to use, and as defined by:

2Mam IT4s = paraa (lAtht)VA (SAtk?ﬁl_M — Wil athe — Te5atky; (15)
At SAt

equilibrium conditions are

Tt = PpPada (1 - ’VA) (lAtht)VA (SAtszt)i%4 ; (16)
Wy = PAtAAY A (lAtht)%rl (SAtkt)lﬂA . (17)

For machinery production, the similarly defined production function is
Ymt = apm (lMtht)’YM (SMtlft)livM ) (18)
with competitive profit maximization and equilibrium conditions given by

lMan Iy = pariam (lMtht)FYM (SMtk?t)li’YM — Wilprehe — Tesareke; (19)
Mt sSMt



re = paan (1 —var) (arehe) ™ (Sareke) "™ ; (20)

Wy = PMtAOMY (lMtht)Mr1 (SMtk’t)livM . (21)

Axiom 1 Let the machinery production be more human capital intensive than agricul-

ture, such that

Yv = Va- (22)

5 Resource Allocation along the BGP

Axiom 2 Along the balanced growth path (BGP) equilibrium, all variables denominated
in goods units are non-stationary, and growing at the same BGP growth rate, denoted by

g, these bemg ht7 kta Ce, 'L.t7 YAty Ymt-

The following Propositions and Corollaries establish the closed-form solutions for the
shares of capital in each sector, the BG P equilibrium growth rate, denoted by ¢, the time

allocations, and the physical to human capital ratio.

Proposition 3 The sectoral shares of capital in each sector are constant functions of

parameters aa, g, Y4, and Yy

Proof. From the producers’ equations (14) through (21), profit is zero, and

TS Atk .

DatYat m, (23)
PmtYmt (?i—% (24)

From the consumer’s equation (9) and (10),
a4 oy (25)

PAtY At B PamtYmt '

Equations (23), (24), and (25) imply solutions for the capital shares as a function of

preference, a4 and ayy, and technology, v, and v,,, parameters:

_ ( .

T aa(l—74) +an (=) (26)
. an (1 —7y)

M= aa (1 —74)+an (=) (21)

Proposition 4 The BGP growth rate is a constant, closed-form, function of the under-

lying preference and technology parameters, o, aa, anr, Ya, Yar ond Ag.



Proof. From equation (8), av(lg]; ljt“) = o, Substituted into equation (13), at

time ¢t and ¢+ 1, —&whe  — 3 (147, — dy) . Along the BG P, the leisure time share x;

P rp—1wi—1hi—1

is conjectured to be stationary, as verified in equation (31) below, while h; and k; growth

at the same rate g. To see that the wage rate w, is also stationary for each BG P solution,

7a—1
equation (17) implies that pAtZ’:M = (i‘;zz) : since either price can be designated

the numeraire without loss of generality, let py = 1, and w; is a function of the input

latht .
satke’

growth at the rate g, and the time share [ 4, is conjectured to be stationary, as verified in

ratio equation (26) implies s 4, is stationary, % is constant since both capital stocks

the next Proposition 5. Therefore it results that

h
1+g=htt1:6<1+r—6k), (28)

T

implying a constant r. With r constant, equations (16) and (17) imply that - =
%‘Z“t—thk:, so that w is constant given a constant l4; along the BGP. From equations

(??) and (11), 8V(Ig;t:?t+1) = Joowh, G4, using the latter plus equation (8) to substitute

into equation (12), then

1+g=hht =01+Ag (1 —2)— 4], (29)

t—1

Along the BG P, the human capital investment equation (3) implies

gt + on
Ll =
Ht AHt Y (30)
while equations (29) and (30) express leisure x in terms of g :
1 1 —1

An

Equations (?7) and (31) imply that © + Iy = AH+§;+9), such that l4; + [y, by the

allocation constraint (4), is

1
L= Loyt lan =1 — 2 — Iy = 2D (32)
An
The intratemporal marginals of equations (8)-(10), imply
_ aparYa _ OPmeYmt L. (33)

aawihil 4 anrwehel e

Given that v, = “hlat and , = whibse “then equations (31)-(33) imply that 14, and

bPAtYAt pPMtyMt’
Iy are constant as dependent upon g :

I — p(zg)_{l_[(1+9)(1Z§)—1+5h]}w@m; (34)
y = —p(zg)_{l_[(1+g)(1;5)—1+5h]}0z2m. (35)



Equations (32), (34) and (35) imply one equation in terms of 1 + g, with the solution of
14+ Ag — 0p

1+ P (1 T ’YAO‘Af’YMO‘M>

14+9g= (36)

Proposition 5 The BGP sectoral shares of labor are constant, simple, fractions of work-

ing time | = pjl:g) :

. YA A . TACA P(l +9)-
lAt - l - 3 (37)
YA0A + YV OM Ya0a +Yyam  Ag
1
Ly — yme o awem p(ltg) (38)
Yata + YpQm Yaca+vyom  Agn

Proof. From the producers’ equations (16), (17), (20) and (21), plus equations (26),
and (27), of Proposition 1, it is true that

Tk YaCkA
l = , 39
A wihy o (1 —74) +ap (1 — VM) ( )
Tk YmOM
l = ) 40
M e aa (L= 0) + anr (1= ) o)

From equation (32), (39), and (40), Zthe — lealyaten(=)lP0%9) - Gypstituting the

? wihy (vaaatynon)Amt
solution for ;i—';:t back into equations (39)-(40), proves the proposition. m

Corollary 6 From Propositions 4 and 5, the closed-form solution for the time allocations
in work and leisure depend negatively upon Ay while the time in human capital investment
depends positively upon Ay, as follows:

(o) £ (L+ Ay - 8)

YAXATY M

la = ;
[1 + p (1 + W’AQA"F’YMO‘M>:|
Yar &
(e ) 45 (1 + A = 1)
Iy = )
[1 + p (1 + 7AaA+'71v[a]vI):|
o\ e _
(1 T 7A04A+7M04M> An (1 +A4n 5h)
lg = 1- ;
o (1 et
o ). P _
R <7AaA+7MaM> Ag (1 +An 6h)

[1 tp (1 + 7AaA+7A4aM>i|

Corollary 7 The ratio of physical capital stock to the human capital stock is a closed

form solution of parameters that depends negatively upon Ag.

10



Proof. Solving for the real interest rate from equation (28), setting it to the mar-
ginal product of capital in equation (16), and assuming p4; = 1 as the numeraire; then
substitute in capital shares, the labor shares and the growth rate from Proposition 3,

o
Proposition 4, and Corollary 6, respectively, to solve for X e a(A ) <0:

_ A Joa(l=ya)+an (1—yy)] p(1+Ap—5p)
ki , i ) Oaeatywes)  an[teo(tmmrt )|
h_ = (aA)A’A o .
t { (1+p)(1+A,i—5h) - 51@)}M
1+p<1+’YAO‘A+“VMO‘M)

Proposition 8 Given v,;, > v4, the ratio of sectoral output prices have a closed form
solution that negatively depend on Ap.
A a iﬁ A TM~7YA .
Proof. From equations (17) and (21), B = ﬁ%% (,%) . Using
Propositions 3 and Corollaries 6 and 7, to substitute in the solutions for l4, Iy, Sa,

8(”M)
SM and , it results that, given v, > 7,4, <0:

M ('Y_A)(’YM) (l—yA)[ﬁ(1*7A)]

Pm am Y™ (1—ry ) (1=701)
p_A - - IM—7A " (41)
{ (14+p)(1+Ag—6s) (1- 5k>} vA
1+p(1+'YA0‘Af'YMO‘M>

Corollary 9 The normalized outputs yas/hy and yar/hy, closed form, functions of para-
meters; each of these variables depend negatively on Agy; and given 7, > 74, the ratio

Ymt/yar depends positively upon Ag.

Iareht

1—vy4 1=y
k _ k
Proof. From equations (14) and (18), %2t = a, (%) and £ = apy <‘°’M—“) .
Propositions 3, and Corollaries 6 and 7 pr0v1de for the respective solutions in which, given
8(?!At) a(y]\/lt> 3<yMt>
= <0, =1+ <0, and —3~ > 0.

Tm > Vas oA, 0An
1y
B (a7 Qo™ (42)
t { (1+p)(1+AH—5h) i (1 _ 5k)} YA
Vo (1
1-vm
Nk Aomo ™ (43)
t { (1+p)(1+AH_5h) . (1 . 5k)} YM
o (1 e
1 1-vm %
Yme (am) ]Y(l_fYM),Z (L4+p) 1+ Ay —dn) —(1=5) (44)
O R CE T (R ey

11



Corollary 10 Factor input prices, the wage rate w and the interest rate r, are constant
closed form solutions with w depending negatively upon Ay and r depending positively

upon Ag.

Proof. From equations (16), (17), (20) and (21), the marginal products w and r are

likewise functions of s, sy L4, Iy, and Z_i Propositions 3, and Corollaries 6 and 7 give
. . RN o i
the respective solutions, with ATH > 0, ﬁ <0:

(1+p)(1+ Ay —0p)

r (1—0%); (45)
|:1 + p <1 + 'VAC"A+7MC¥M>:|
1 1—y4
YA 1— ¥
w — (CLA) A /}/A( 7.4) A 1_’YA . (46)
(1+p)A+Ag—6s) (1- 5k)} A
{1+P(1+wM)

The complete closed form solution of the economy has been established through the

foregoing propositions and corollaries. Now consider effective productivity.
Corollary 11 Define effective productivity in ya as aa = aa (hy)"*, so that
Yar = aat (lAt)A/A (SAtkt>1_7A . (47)
Doing the same for machinery, yar, as ay = an (he)™ , then
yar = aare ()™ (Sareke) 7 (48)

The effective productivity of machinery rises faster than that of agriculture and the ratio

of effective productivities of machinery to agriculture, ‘2—1‘25, rises along the BGP.

Proof. Given v, > v,, Gx = apn (he)™ ; denote by gs,,, the net growth rate of
anre, whereby 1+ga,, .., = “;‘%ﬁl Then, along the BGP, In (1 + Q&M,t+1) =7aln (h;z_:l> -
valn (1 + g); therefore ga,, ~ v,,9; similarly gs, ~ v49. Given v, > v, then ga,, > ga,
and % = M a Ezng = 41 (ht)hM ~74) riges as hy rises. m

An increase in human capital investment productivity Ay causes reallocation towards
human capital intensive sectors. In summary are the following reallocations that would

occur when moving from one BGP equilibrium to another after Ay has increased.

1. From Corollary 6, as human capital productivity Ay increases, the sectoral labor

shares individually decrease while ratio of labor l;,/l4 remains constant.
2. From Corollary 7, the capital ratio Z—’; falls as Ay rises.
3. From Proposition 8, as Ay increases, the relative price of the human capital inten-

_a(%) < 0.

sive sector falls; — "

12



4. From Corollary 9, a rise in the human capital productivity factor Ay causes output
vt

levels to shift relatively towards the more human capital intensive good; €9+f“;) > 0.

5. From Corollary 10, the input ratio of the wage rate to the interest rate, %, falls as

Ap increases.

6. From Corollary 11, each of the effective productivities rise along the BG P equilib-
rium at different rates, with the more human capital intensive sector seeing a faster

growth rate in effective productivities: The ratio ‘Z—A:Z rises along the BGP.

6 Human Capital Sector Productivity Increase

Consider assuming a trend upwards in the human capital productivity factor Ay, with
each higher value of Ay representing a new BGP equilibrium. Let this productivity
factor trend upwards over a 250 year period, say from 1750 to 2000. This is similar to
going from Malthus’s zero growth world to the modern sustained growth world, with a
continual, industrial, revolution.

Let the economy be expanded to three sectors to illustrate the full resource realloca-
tions through an illustrative calibration, with the representative agent choosing amongst
the goods, yas, Y., and services output yg;, with the real price of pg;, with ag € Ry,
and with the analogous setting. The consumer current period extended utility u, is of

log form, with parameters a > 0, a4 > 0, apy > 0 and ag > 0, where
ug = alnzy + axlnya + ay Inyae + agnysy,

and investment is the same in both physical and human capital. The allocation of
time constraint now includes time spent in the services sector lg; : 1 = la + lpse +
ls; + lgs + x4, while the allocation of physical capital shares now also includes that
of services sg; : 1 = sa; + sy + Ss¢- The production function in services is given by
o

Yst = ast (lStht)WS (SStkt ¢, where

Ya<Tm <7s-

The recursive consumer’s problem is

V' (key he)

= Mazx {(@alnya + ap Inyyy + aslnys, + alnzy)
YAL,YMt,YSt:LHt,Tt

LBV [we (1= lge — x¢) he + ke (1 + 76 — Ok) — DarYar — DatYnme — Pstyst)
he (1 + Aglg — 63) ’

with the same intertemporal conditions as in the two sector economy, with the intratem-

poral extension that
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Let tastes be similar between the different goods and leisure, in that a« = ay = ap; =

ag = 1, and let the sectoral productivities be constant over time at 1 : a4 = ay = ag = 1.

Let y = paya + puyn + psys, then sectoral value shares of aggregate output each equal
1.

3"

PAYyA Q4 1
Y N as+ oy + ag 3
PMYm an 1
Y N aas+ apy + ag 3
Dsys Qg 1
Y N agq+ apy + ag 3

Assume the specification of human capital intensities whereby

_1 _1 _3
’VA_3a’YM_2’/YS_5'

Target a Malthusian zero growth rate in 1750 at the beginning of the industrial revolution,
and between 2 to 3% growth by 2000. Then at time 0, from Proposition 4, 1 + gy =

1+Ago—9dp . . . o a

which implies that Ago = (1 + ) + 0p.

1+p(1+('YAQA+'YMQQAI+'YSD¢S)) " p (,YAOCA—F’YMOCM—'—,YSOCS) '
Let p = 0.03, 95, = 0.015, §; = 0.03 and this implies that Ay = 0.015+0.03 (1 + 1+i+§
3'2"5
0.06593, which compares to a calibrated value of 0.0461 in Dang (2010), while r =
p + 0r = 0.06. Total sectoral labor time, by Proposition 5, is 2 (:;Ig) = sosms = 0.455,
while by Corollary 6 leisure is 29 = 1 — (1+9°)(2’;’;)+‘5h_1 -1 % = 0.3175,
and human capital investment time is Iy = 2% = 005 — (2975 Total time is

Ay 0.06593
0.455 + 0.3175 + 0.2275 = 1.0.

At each new BGP equilibrium, as denoted using ¢, assume that

AH7q+1 = AH7q (1 + ,LL) ) (4:9)

where ;= 0.0015. Then the BG' P growth rate at q is

14+ Apo (14 ) =0,

Gq = - —1. (50)
1+ P (1 + ('VAO‘A+'YMO‘M+'YSQS)>
At ¢ = 0, it holds that g = % — 1= OOB00BC 1 = (. At ¢ =
teof gy troas(t gy

1, Agq (14 ) = 0.06593(1.0015) = 0.066029; and g, = O0693(L00LS2)0015

140.03( 1 1
+003< +ﬁ%+%+g)

0.000095. At g = 250, gogo = FLLE59BUL00I50 0015 _ 4 _ § 09859 Rising from 0 in BGP
14-0.03 (1+ﬁ)
3727T5H
period 1750, the BGP growth rate reaches 2.85% in BG P period 2000.
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Figure 4: Example Trend Upwards in Human Capital Investment Time: 1750 to 2000.

6.1 Time, Relative Prices and Effective Productivities

Relative to Figures 1, 2 and 3, consider the change over time in human capital investment

time, [y, in the relative prices pM and ps , and in effective productivities, 2”“ and (Zf[

The human capital time is tled to the growth rate in that (g, = QQ+5" . Then the trend

human capital time is solved as

1+Ago(1+p)?—64 1 . 5h
1+p<l+

('YAaA+’sz1a1v1+"fsas )

Apo (1 +p)"

With the example calibration this becomes

lH,q -

<1+0.06593(1.0015)250—0.015> — (1 —0.015)

140.03( 14+ +—+—
P ()

A 0.06593 (1.0015)**

When the growth rate is zero in 1750 during Malthusian times, then [z, = 0.2275, or
a bit more than one-fifth. This time in such a model would be interpreted to include
Beckerian (1975) household production time, eg., child-raising time.

Figure 4, with Lh denoting [z, shows [z 2000 = 0.45378. Figure 4 matches broadly
the trend seen in Figure 1 as found in data, with a slightly diminishing rate of increase.
Figure 4 starts at 0.23 and rises to 0.45, a doubling in 250 years, with 45% of total "free"
lifetime time spent in learning equivalence; Figure 1 comparatively rises from 7.5 years
of education to 14 such years, during 100 years of US data.

Figure 5 graphs the change over time in relative prices on the basis of equation (41),
while Figure 6 graphs the approximate effective productivity ratios, % and (% (as
indicated by a~M/a~A and a~S/a”M), with the human capital stock, h,, growing at an
average rate of 0.015 : alswi ~ 22 (h (1.015)7) s ™7a0) s Gatg o am (p (1,015)7) M 74)

aA,q aA
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Figure 5: Relative Price Decline of More Human Capital Intensive Sectors.
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Figure 6: Approximate Effective Productivity Ratios %ﬁ and 5—;

16



700 T

600

500

400

300

200 A————————————————————————]
1760 1780 1800 1620 1840 1860 1880 1800 1920 1040 1960960 2400

Figure 7: Fall in Input Price Ratio .

6.2 Other Resource Reallocation

Similarly the input price ratio %, from equations (45) and (46), is

1—y4 1 )1’YA

w AAY A ((GA) T4 (1 —yy)a ' (51)

e RGN

Lo (Lt St
Figure 7 graphs equation (51), with Ay rising along the BGP. It illustrates how the
factor price input ratio steadily falls as the human capital productivity rises and causes
more effective labor at each successive BG P, such that the wage rate for "raw" labor falls
relative to the 7.
The sectoral physical capital to human capital ratios follow the input price ratio. The
effective labor to capital ratios rise, as Ay rises along the BG'P, in tandem with *7, since
w_ _ Ta Satky __ Tum Sk __ s SStkt' (52)
o (L=va) lache (L =7a) lbthe (1= 75) lsthe
Figure 8 illustrates the three sectoral capital ratios, ?:Tthk:, if\j—ﬁ, and % of equation
(52), which, as the inverse of the effective labor to capital ratios, accordingly fall over

time.
As the wage to real interest rate are falling, the effective wage to real interest rate is

rising. To see this, consider that with each ¢ at the balanced growth path equilibrium,
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Figure 8: Fall in Sectoral sk/lh, Red: Agriculture; Green: Machinery; Blue; Services

and with hg = 1, that

()b = ()t it

w
hl{( ) }4‘90‘1‘914‘ -+ Yq
r/q
w
In ( > + i
T /q jzogj
(ln(lf)ﬁzgj)
e =0 )

=3
—
VS
N
S}
>
<
12

=3
| ——
/
3| €
N——
)
>
Q
| I
12

() -

Now substitute in the solution for g, from equation (50), and use the example calibration,

e - 14+ Apo(1+p)d =6 _
e B )
q

(vaxa+rpaptrsaes) (53)
r
Substituting in the parameter values, (%)q hg can be expressed as
5(3)° Z i
In + 140.06593(1.0015)7 —0.015 1
140.03 (1+ﬁ
140.06598(1.0015)9-0.015 | (; ooy 1 05 3tats
1+0.03<1++
¢ (54)

This trend in the input ratio (%)q as factored by the level of human capital i, can be
graphed as a result, using the above log approximation that In (1 + z) ~ z for small z.
Figure 9 graphs equation (53) as parameterized. After an initial decrease, the effective

wage to interest rate rises steadily.
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Figure 9: Effective Wage to Interest Rate Ratio.

The growth rate itself rises over the 250 period. As formulated above, with Ay rising
by a certain constant percent, y, the graph of g, is a near linear increase. All of the above
results can be modified for example by allowing there to be a "limiting population" growth

rate, such as 0.0265, if so desired. By assuming a logistic process for Ap,, such that,
0.0265

1+ ( 5okes —1)(03)(46

above for Ay, in the dashed line plus the alternative logistic case in the solid line. The

for example, Ay, = L then Figure 6.2 plots both the linear case used
logistic case would keep all of the above resource reallocation results qualitatively the
same. An additional extension would be to make Ay a positive function of Z—: such that
this effect is an externality from the knowledge diffusion in the sense of Lucas (1988,

2015); then a lesser p could be calibrated since Z—E rises with increases in Ay.

0.025 T

0.020 T 7

0.015 P

0.010 T _

0.005 T -

0,000 ==+ttt
0 20 40 60 80 100 120 40 160 180 200 22 ZI%J d

Growth Rate g as Ay Increases along BGP.
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7 Discussion

The model implies that the price of manufacturing relative to agriculture falls. This
is inconsistent with for example panel A of Figure 3 in Herrendorf, Herrington, and
Valentinyi (AEJ-Macro, 2015), which shows that the price of manfacturing relative to
agriculture has risen in postwar US experience, instead of having fallen. Another issue
with the model is that it assumes that the nominal shares of the two sectors are constant
over time, which is inconsistent with Section 6.2 of Herrendorf, Valentinyi, and Rogerson
(Handbook of Economic Growth, 2015). There the nominal final expenditure share and
the nominal value added share of agriculture have both fallen relative to those measures
for manufacturing, instead of having remained constant.

The second issue is that this is a model with a balanced growth path along which en-
dogenous human capital accumulation drives structural change. It remains to be clarified
what shortcoming of existing models of structural change the new model may rectify. In
these latter models sectoral productivity growth is exogenous whereas here it is endoge-
nous, implying that the current model is simpler although it contradicts certain stylized
facts. Are there implications of the new model here that are more plausible than the
implications of existing models, or that may improve on some of the shortcomings of
existing models of structural change? For example, the share of labor falling in industries
is one issue less addressed in existing models (Jovanovic and Rousseau, 2008).

Are there any assumptions and implications of the model are in conflict with previ-
ously described stylized facts? This gives rise to two elements. One is virtually absent:
the shrinking of labor shares in certain sectors. The second is how the price evidence
can be distorted through industries changing over time, such as Agriculture, from less
human capital intensive to more human capital intensive sectors. These facts are ex-
plained through two extensions: 1) Adding sectors over time with each new sector more
human capital intensive than the previous sector; 2) allowing for more human capital
intermediate goods usage such that the overall sector becomes more human capital in-
tensive and can see a price reversal. Again, with Agriculture, the industry of genetic
seed technology, such as from giants like Monsanto-Bayer, is a highly human capital in-
tensive industry that creates inputs for agriculture that effectively turn the sector within
advanced economies into a more human capital intensive sector. This occurs when large
aggregation of sectors occurs, causing a price inversion, which would be explained by a
more desegregated decomposition of industries as they evolve over time in the direction
of greater human capital intensity. This would naturally occur in order to stay compet-
itive in a Schumpterian, Stokey, competitive, sense of the less human capital intensive
activities being replaced by the more human capital intensive activities within the same

sector to keep that sector earning a competitive return on capital.
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8 Shrinking Industry Labor Shares

It would be a heroic effort to force 99 Sectoral, 2-Digit SIC (Standard Industrial Classifi-
cation) Codes, into the three to five sectors typically used in the structural transformation
literature. In this literature, first there is agriculture, then manufacturing, then services,
and now technology. Other breakdowns are studied such as consumption versus invest-
ment that aggregate across these SIC sectors.

Consider that as economies develop new sectors are constantly being created. Sus-
tained growth expands the economy output, the extent of the market in turn must grow,
and division of labor increases. A guiding principle for conjecture is that the new sectors
that come into existence take advantage of the inputs which are in relative abundance
in order to be able to produce with comparative advantage relative to other markets. If
human capital is rising relative to physical capital, then the sectors to arise may be more
human capital intensive that effectively replace or add onto less human capital intensive
sectors.

An extension of the notion of labor specialization is that 1) new sectors are created
that take advantage of comparative advantage and that 2) these new sectors are more hu-
man capital intensive ones that arise gradually over time as human capital accumulation
increases the wealth of knowledge at each BG'P equilibrium juncture. Put differently in
terms of Rosen’s (1974) hedonic characteristics, consider the evolution of hedonic features
over time within any one product. The conjecture here is that these evolve towards more
human capital intensive based features, such as in new cars, airplanes and trains that
use non-internal fuel combustion propagation engines, artificial intelligence based safety
features, and composite materials use.

Formally, let the number of sectors increase over time in the following sense. At the
BGP equilibrium ¢, for any number of sectors denoted by the index j, with j =1, ..., n,

the value of the aggregate output would be defined as y,, where
. 1—n.
Yq = ijqajq (Lighe)™ (sjgkq) 7, (55)
j=1
and with v, < v, < ... <7,,. Similarly utility would now be given as

u, = alnz, + Z a; Iny;,. (56)

Jj=1

The previous section’s corollary carries through to the n-sector economy.

Corollary 12 An increase in human capital productivity Ay causes output to rise in
more human capital intensive sectors relative to less human capital intensive sectors, for

all n sectors.
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Proof. Relative output levels between any two sectors, say sector m and sector z,

are given by

Ymg _ (&>(vz—vm) a (Sm)l—vm ()™ (57)
qu hq Qaz (52)1_75 (lZ)A/Z 7
where the capital ratio i—‘;, with p; normalized to one, can be expressed by
1 17
g P4 g [Sias (L=7) ] 7 (@) (=)
= n , (58)
q

(g (1+9) — 1+ 8]0 A4y (S 07,

and the growth rate g, is given by 1+ ¢, = 1+ Am.4=0n . Substituting in for }’j_q and
1+p<1+a K
)
g, Nz Yz(A=vm) v
(amt)’ym (1_’7'm) 1’Ym Qm <h> z
Az — Yz oy .
Ymg _ ¢ (1—v,) ¥ — (59)
yzq ( z"/mm)
(A4+Ag—61)(14p) 146,

1+ 1+#
’ (Zhore57))

Wi o(52)
ithy, >, 55— <0. =

Similarly, adding an n + 1 sector to the n-sector economy, causes the labor time
allocations in each of the other n sectors to decrease. The model can be changed to any
number of sectors. Reducing it down to an agriculture and manufacturing model would
end up seeing a much greater fraction of time devoted to agriculture than in modern
times. Thus this theory exemplifies the shift in labor from agriculture to other sectors
through the continuing development of technology that opens up new sectors and transfers
labor into those sectors. And with these sectors being more human capital intensive than
existing sectors, a slight historical trend upwards in human capital productivity Ag,
would predict the relative shift of output towards the more human capital intensive,
"new" sectors.

The analysis started with just the two sectors. Then the "structural transformation"
is shown for the three sectors, and then to any number n sectors. And the story could go
on. For instance, it may be that it is the human capital accumulation that allows such
new sectors to come about, in some endogenous sense. The creation of new goods/sectors,
in this simple model, nor in any other standard models, is not taken up here but would
be the next most interesting extension of this simple theory.

An algorithm for showing the change for example in sectoral labor shares over time
as sectors are added is possible using the following assumption for the labor share in the
any n sector. Let v, be defined as v,, = ;5. Then for the 3 sector economy, the human
capital intensity of agriculture would be %, that of machinery, the second sector, would

be %, and the third sector, services, would be %, as specified in the example three sector
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Figure 10: Example Change in Labor Time in Agriculture as Number of Sectors Increases

economy above. Further assuming as in the three sector economy that there are equal
preferences across sectors, at « = a; = s = a3 = ... = a,, = 1, the solution for the labor
share in agriculture, where it is designated as sector 1, for a given BG P equilibrium ¢

and corresponding growth rate would be

1+ A, —
llq _ ,Y].O[l p( + H,q 5}1) ) (60)

on
E VG
Jj=1

AH7q 1+p ]-+ n =

E V%

Jj=1

The following proposition results.

Proposition 13 Assuming that v, = 15, and that o = o, = 1 for all n, as the number

of sectors n goes to infinity, the share in labor goes to zero.

p(1+Ap g—dp, 1 p(1+Am q—6n
Proof. [, = =2+ ( o) = =3 ( ) ;
E :W%‘ E :;JW
i=1 Apq |14p]| 1+—2 i=1 Ap g | 14p| 14| =2

D > s

j=1 j=1
lim, o (l1,) =0. m
A gradual labor share decrease in agriculture over time would be a natural result of
adding increasingly human capital intensive sectors to the economy. Figure 10, illustrates
the decrease in time in agriculture as the number of sectors rises from 1 to 15 using the
same example parameters as in previous sections. At first, with one sector, all goods
production labor is spent in agriculture. As more human capital intensive sectors are
added, the labor time in agriculture exponentially falls.
One way in which the number of sectors can be endogenized, while relaxing the

assumption that n must take on an integer value, is to let n be a function of the level
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Figure 11: Numbers of Sectors n as a Function of Agy .

of human capital productivity Ag,. With Ay, = Ao (1 + p)?, so that human capital
productivity trends upwards over time, then n = n (Ay,) makes n trend upwards also
as a simple function of time, and labor time allocated to agriculture falls over time as in

Figure 10.

For example, specify n such that n (Apy,) = 214, — 22, Where z; = 1992.6, 2, = %,

and Ay, is specified as in the example above, whereby Ay, = 0.06593 (1.0015)?. This

1992.6(0.06593)(1.0015)7 1750
60 60 -

Figure 11 shows that over the 250 periods from 1750 to 2000 the number of sectors rises

means that n is given by the following function of ¢ : n (Ap,) =

from 1 to almost 15, as in Figure 9.!! With such a formulation of n, the labor time in

agriculture would similarly decline over as the number of sectors rises, as in Figure 9.

8.1 Intermediation Goods Sectors

Theory from last paper here.

9 Discussion

The model implies that the price of manufacturing relative to agriculture falls. This
is inconsistent with for example panel A of Figure 3 in Herrendorf, Herrington, and
Valentinyi (AEJ-Macro, 2015), which shows that the price of manfacturing relative to
agriculture has risen in postwar US experience, instead of having fallen. Another issue
with the model is that it assumes that the nominal shares of the two sectors are constant
over time, which is inconsistent with Section 6.2 of Herrendorf, Valentinyi, and Rogerson
(Handbook of Economic Growth, 2015). There the nominal final expenditure share and

the nominal value added share of agriculture have both fallen relative to those measures

HMcGrattan (2017) uses 30 sectors within National Income and Product Accounts (NIPA).
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for manufacturing, instead of having remained constant.

The second issue is that this is a model with a balanced growth path along which en-
dogenous human capital accumulation drives structural change. It remains to be clarified
what shortcoming of existing models of structural change the new model may rectify. In
these latter models sectoral productivity growth is exogenous whereas here it is endoge-
nous, implying that the current model is simpler although it contradicts certain stylized
facts. Are there implications of the new model here that are more plausible than the
implications of existing models, or that may improve on some of the shortcomings of
existing models of structural change? For example, the share of labor falling in industries
is one issue less addressed in existing models (Jovanovic and Rousseau, 2008).

Are there any assumptions and implications of the model are in conflict with previously

described stylized facts?

The theory presented here uses a rising rate of human capital per worker as in Tamura
et al. (2019, Figure 6). Should one want to cut off the rising growth rate, the model allows
that by letting the growth in the productivity of human capital investment come to an
end at any time specified; or the exogenous human capital investment sector productivity
growth, could instead be made to evolve as in an S curve typical of population dynamics,
from certain first order difference equations, that would cause a gradual tapering off of
the growth path. Stokey (2015), for example, allows this Ay as a dynamic factor in
the human capital investment production technology and allows it to evolve over time in
differential ways, including its dependence on the aggregate level of human capital, as in
the externality approach put forth in Lucas (1988).

Allowing the growth rate to continue to rise suggests that a 2% stationary growth of
developed economies either may be temporary or it may be underestimated. This might
occur because the components of knowledge capital, such as firm owned intangible capital,
consumer owned human capital, and potential Lucas (1988, 2015) type externalities of
knowledge accumulation, is less than fully reflected in national output accounting.!?

T. W. Schultz (1964) added a second goods sector, with it still being a part of agricul-
ture, but now termed modern agriculture versus traditional agriculture. His explanation
was that with a zero return to human capital, it was not accumulated and the modern
sector did not emerge. But once the investment became worthwhile in human capital, so
as to accumulate the knowledge to introduce the modern technology of physical capital
machines, then the modern agriculture sector could emerge. Similarly, the Lucas (1988)
approach suggests that countries build up physical capital in accordance with their, per-
haps, less easily accumulated level of human capital. Ngai and Pissarides (2007) consider

that, despite alternative conjectures as in Baumol (1967) and Baumol et al. (1985), a

12Gee McGrattan and Prescott (2010b, 2014), McGrattan (2017); in accounting, see for example Jor-
genson et al. (1987), Harper et al. (2010), and the Bureau of Labor Statistics (2007).
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balanced growth path is feasible, as in this paper.

The modeling approach to n goods sectors could be further extended. For example,
this could be based on a theory that as human capital productivity rises, and the price of
human capital intensive sectors falls, that such sectors would come into existence through
the creation of new markets. This could occur as an application of Boldrin and Levine
(2008, 2009), whereby as human capital productivity increases, potential new output that
is intensive in human capital is expected to face sufficiently low prices such that the fixed
cost of starting a new more human capital intensive sectors is overcome by the expected
profit of the new more human capital sector.

The arising of relatively more intensive human capital sectors is perhaps the key
theme that is stylized in the paper here, while also capturing a gradual decline in the
labor share in the less relatively human capital intensive industries. These features relates
to the Stokey (1988, 2018) notion of a ladder process whereby the least human capital
intensive sectors are gradually replaced by the more human capital intensive sectors.
The interpretation is that moving up the tree using the ladder, the dead branches of the
sectoral, hedonic, tree that are located towards the bottom of the trunk wither away and
break off.!3

As corollary, the US would find international comparative advantage in a service sector
such as finance or a high tech manufacturing sector such as computer and electronic
equipment, rather than in a less human capital intensive manufacturing sector such as
machinery or agriculture (see the Leontief, 1954, paradox). Extension of the paper’s
setting to a multiple country general equilibrium would imply that such a comparative
advantage in human capital intensive sectors, with open trade, would be engendered if

indeed the US experiences relatively greater accumulation of human capital.

10 Conclusion

The paper applies the Lucas (1988) production and human capital accumulation ap-
proach to a sectoral view of output. It then allows the productivity of the human capital
investment sector to increase along a sequence of balanced growth path equilibria. In this
way is explains certain stylized facts of structural transformation. It intuition is based on
economies shifting towards sectors in which the relative price is reduced because of factor
augmentation, as in the Rybczynski (1955), and because of relative price realignment as

in Stolper-Samuelson (1941).

13Stokey (1988) uses learning by doing, with higher human capital intensity while moving up the
ladder, while in contrast here human capital is of the Lucas (1988) nature albeit, like Grossman et al.
(2017), without externalities from human capital.
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Abstrakt

Tento clanek predklada teorii sektorové transformace zalozené na lidském kapitalu
s vyrovnanym rustem v dlouhém obdobi. Zavedenim slabého rustového trendu v produktivité
sektoru lidského kapitalu kombinovaného s riznorodou naro¢nosti na lidsky kapital a pouzitim
konstantni produktivity napti¢ sektory se vystup vV prubehu ¢asu postupné piesouva od relativné
méné naro¢nych sektort na lidsky kapital k sektortim s vyssimi pozadavky na lidsky kapital. V
sektorech naro¢nych na faktor, ktery se stava relativné vice dostupny, dochazi k relativnimu
propadu cen. Jejich ,,efektivni produktivity* rostou rozdilnym tempem opacné k relativnimu
poklesu ceny a jejich relativnimu zvySeni vystupu. Pfidani vice sektort s vyssimi pozadavky
na lidsky kapital vede k poklesu odpracované doby napii¢ existujicimi sektory s relativné
vy$8im dopadem v sektorech s nejmensi naro¢nosti na lidsky kapital.
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