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Abstract

We propose an approximation method for solving dynamic stochastic general equi-
librium models in which agents are concerned about model misspecification. The
method relies on a perturbation that treats this robust concern as a first-order con-
cept that is preserved as the volatility of the shocks vanishes. The approximation has
a clear economic interpretation and generates solutions with consequences of robust

preferences that standard perturbation methods only capture using higher-order terms.
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1 Introduction

Perturbation methods are an integral part of the toolkit in macroeconomic dynamic stochas-
tic general equilibrium (DSGE) modeling. These methods rely on the local smoothness of
the exact stochastic solution in the neighborhood of a non-stochastic steady state and gen-
erate an approximate solution by constructing an expansion of the policy rule, typically in
the class of polynomial functions.

The perturbation expansions naturally lead to the notion of the ‘order’ of expansion, rep-
resented by the order of the approximating polynomial. Theoretical results in perturbation
analysis specify the conditions under which the approximate solution converges to the exact
solution as the order of expansion increases. Also, different orders of expansion used in DSGE
modeling lead to particular properties of the approximate solution. Linearization techniques
(first-order expansions) are commonly used to capture smooth dynamics of macroeconomic
quantities. A second-order expansion is needed to generate nonzero risk premia, and a
third-order expansion is necessary to capture the time-variation in these premia.

The notion of convergence as the order of approximation increases is typically not very
useful for practical purposes. In nontrivial DSGE models, every additional order of approxi-
mation introduces a nontrivial additional computational burden for solution and estimation
techniques. It is therefore useful to keep the order of approximation low, while capturing
the desired qualitative and quantitative features of the model solution.

In this paper, we derive a solution technique for approximating DSGE models populated
by agents endowed with robust and recursive preferences. We utilize the observation that
a specific representation of robust utility, the constraint preference specification, exhibits
first-order risk aversion that is manifested by kinked indifference curves at certainty. Our
approach scales the robust preference parameter jointly with the volatility of the shocks to
replicate this feature. This approximation effectively shifts the order of approximation of
the preference structure one order lower relative to the rest of the model.

The mixing the order of approximation may seem to be conceptually inconsistent but we
argue that this is not the case. The asymptotic consistency results either capture a situation
when the order of approximation increases (e.g., the Taylor’s theorem) or the volatility
of the underlying exogenous shocks declines to zero (small noise or asymptotic expansion
argument). In applications, the DSGE modeler is interested in the performance of the given
order of approximation in the stochastic equilibrium, away from the deterministic steady
state.

We specifically focus on a second-order approximation and show how to incorporate third-
order terms from the preference approximation while retaining the second-order structure.

In an example, we show that this modification captures most of the third-order dynamics



in the model. Naturally, this result is example-specific but we argue that this result can be
expected in a broad class of models where agents are endowed with recursive preferences or
concern for robustness.

In a given order of approximation, the error of approximation can be expected to be of
higher order (as a function of the perturbation parameter) but the coefficient on the error
term can be large. Intuitively, stochastic discount factors for agents endowed with recursive
or robust preferences are designed to generate quantitatively relevant asset pricing dynamics
and thus are often the primary source of nonlinearities in the model. It is therefore desirable
to incorporate the preference structure particularly accurately. Hence our approach, which
prioritizes the order of approximation of the preference relation.

As we argued, this approximation takes a very particular stand on the characterization
of the preference structure in the vicinity of certainty. But from the perspective of DSGE
modeling, this is a mute issue, since we are fitting the model to the dynamics in the stochastic
equilibrium. The problem would only become relevant if we had data on economies as the
perturbation parameter declines to zero. While this may be important in other economic
problems, our goal is to provide a technique with a rigorous foundation that would perform

well in the stochastic equilibrium.

2 Modeling framework

We consider a dynamic model with a Markov representation

T =1 (%—1, wt) (1)

where w; is a k x 1 vector of serially uncorrelated shocks with w; ~ N (0,7) and z; is an
n x 1 vector of model variables. The vector x; incorporates what is often known as exogenous
and endogenous state variables as well as control variables. We will later allow for more
structure imposed on ;. The law of motion ¢ is assumed to be sufficiently differentiable at
the nonstochastic steady state.

Our goal is to solve for an approximation of the law of motion v from a set of equilibrium
conditions. These equilibrium conditions will have a specific form dictated by the robust
preference specification that we utilize and that generalizes the standard assumption of
rational expectations. While we motivate the expansion with agents’ concern for robustness,
observational equivalence with particular specifications of recursive preferences allows us to

extend the method to recursive preference structures as well.



2.1 Robust preferences

We have in mind an economy populated by potentially different types of agents who are
concerned that the models they use to forecast the dynamics of the economy are potentially
misspecified. They treat the model (1) as an approximating or benchmark model and con-
sider stochastic deviations from this model to derive a worst-case scenario that is used as a
basis for their decisions. The worst-case model is difficult to distinguish statistically from
the approximating model, and the degree of statistical similarity between the two models
is controlled by an entropy penalty imposed on the continuation utility. The continuation
value for agent ¢ = 1,..., [ with a given period utility process u! can be represented as a

solution to the minimization problem

Vi = min g+ Bibi By [Miyy log Mi ] + Bi By [My, Vi) (2)
i1

subject to E; [Mtiﬂ} = 1. Here, M}, represents the (one-period) distortion of the worst-
case model used to evaluate the future relative to the approximating model, and 6; is the
entropy parameter that controls the degree of robustness. As #; — oo, deviations from the
approximating model become prohibitively costly, and we obtain convergence to the rational
expectations framework. Hansen and Sargent (2008) provide an extensive treatment of the
robust utility problems.

It is well known that the worst-case distortion takes the form

1y/i
. exp <_9_i t+1>
My, = 1 xri (3)
£ [esp (=)

and the preference recursion can be written as

V) = uj — B,0;log E [GXP <_6’%V?+1>} . (4)

Taken distortions (3) as given, we can view this model as a model with heterogeneous
beliefs. Each type of agents whose concern for robustness is parameterized by 6; distorts
their beliefs by the belief ratio (Radon-Nikodym derivative) M* given by equation (3). Since
the continuation values V* are determined in equilibrium, the belief heterogeneity arises here
endogenously, as different classes of agents fear different states of the world depending on
the dynamics of their continuation values.

There exist standard isomorphisms between robust and recursive preference specifica-

tions. The worst-case distortion M/, appears in the Euler equations of the robust agent



and can be treated as a component of the stochastic discount factor. Consider, for instance,
the case u! = log (C?) where C" is the consumption process for agent 7. Then the stochastic

discount factor takes the form

e (i)
- ( ”ﬁ) (5)

Cy E, [exp (—6%_ tiﬂﬂ ’

which is the standard Epstein and Zin (1989) stochastic discount factor with unitary elasticity

of substitution if we interpret 1 + (Qi)_l as the coefficient of relative risk aversion.

Our main goal is to argue that the nonlinearities introduced through the term AMj,
are often of particular quantitative importance, and that it is desirable to treat this term
differently in a perturbation approximation. In addition, we provide a theoretically consistent
justification for our approach. The approach is based on the scaling of the robustness
parameter 6; jointly with the volatility of the underlying shocks. Given that the parameter
0; only enters the model through the worst-case distortion M, ,;, we will separate out the

dynamics of My, ; from the rest of the model in the next section.

2.1.1 A static example

In order to illustrate our approximation approach, it is useful to introduce a static example.

Let the distribution of consumption be given by

1
log C'(q) = p1 = 5 (q0)* + qoW

where W is a standard normal shock and q > 0 a perturbation parameter that scales the
volatility of the shock. The term %(q0)2 assures that log E'[C'(q)] = p for every q. We
want to study agents’ preferences over different consumption distributions as the parameter
q changes.

We consider three agents who rank consumption distributions under different specifica-
tions of preferences. The first agent is endowed with power utility, the other two with two
alternative specifications of robust preferences — the multiplier preferences defined in the
dynamic case in equation (2), and constraint preferences. Appendix D provides the details

for the computations.

1. Power utility
1
pow — log E [C'™7
W = o B[]

where v is the coefficient of relative risk aversion;



2. Multiplier preferences (a special static case of the preference specification in (2))

mult :
=, mn E[MlogC] + 60E [M log M| (6)

u

where 6 is the entropy penalty parameter;

3. Constraint preferences (an alternative representation of robust preferences introduced
in Hansen and Sargent (2001) and Hansen et al. (2006))

on = i E[M1 4. E[Mlog M| <
wt = e E[MlogCl st B[Mlog M] <1 (7)
where 7 constraints the entropy (or expected log-likelihood ratio) of the worst-case

model relative to the approximating model.

The power utility and multiplier preference representations coincide when 6 = (y — 1)_1
and the compensation in the average consumption level i (q) = log E'[C (q)] that keeps the

agent indifferent between random consumption profiles with volatility qo satisfies

I o5y 11460, ,

P (q) — pP (0) = p™ (q) — ™ (0) = V9’0" = 5 ——a'o”, (8)

The fact that the average consumption level compensation per unit of volatility declines to

zero as volatility decreases

pow __,,pow 11
iy 27 (@) — 7 (0) _ +0
q—0 qo a—02 0

reflects the second-order effect of risk aversion on compensation for risk. In the case of

multiplier preferences, the worst case model is given by the belief distortion

mult __ eXp (_% log C) _ (_ 1 2 2 } )
M E [exp (—%log C’)] P 47 ¥

202 0

and as g — 0, the probability distribution of the worst-case model converges to that of the
benchmark model.

On the other hand, the same calculation for the constraint preferences leads to

1
Mcon (q) . Mcon (O) _ \/%qa + §q20_2' (9)



and to the corresponding worst-case belief distortion

exp <—‘é—? log C’)

MCOn —
E [exp (—‘é—i_” log C

T = exp (== 2IV).

The first term on the right-hand side of (9) reflects the first-order nature of the compensation
for uncertainty built into the constraint preference specification. As q — 0, the worst-case
model distortion does not vanish.

At the same time, observe that for a given o, we can choose the entropy constraint 7

such that the multiplier preferences coincide locally (at g = 1) with the constraint preference

VI = (10)

The entropy penalty parameter 6 does not have a direct structural interpretation. For

specification:

instance, Anderson et al. (2000) and others advocate the use of detection error probabilities
as a way of disciplining the extent of the concern of robustness. Holding the detection error
probability constant will, however, imply a parameter 6 that depends on the characteristics of
the stochastic environment. From the comparison of the results for multiplier and constraint
preferences it follows that one possible way of choosing 6 is to keep the entropy of the worst-
case model relative to the benchmark model (roughly) constant as q — 0. Utilizing equations
(8) and (10) we deduce that 6 should be scaled by q, which leads to the following preference
representation

u™" =  min E[MlogC]+ qfE [M log M]
M, E[M]=1

We will utilize this scaling in our series expansion method below. Scaling the entropy
penalty by q effectively generates first-order uncertainty aversion effects reflected in a kink
in the indifference curves around certainty. The purpose of this paper is to incorporate these
first-order effects into the approximation techniques based on series expansion methods in a

rigorous and tractable way.

2.2 The model

The endogenous law of motion v in equation (1) is unknown and needs to be solved for
from a set of equilibrium conditions. We assume that we can represent these equilibrium

conditions in the form

0= E; (g (ze41, 4, Tp—1, Wig1, wy)] (11)



where ¢ is an n X 1 vector function and the dynamics for z; is implied by (1). These
conditions include, with sufficient generality, expectational and nonexpectational equations,
including laws of motion for exogenous variables. There are well-known conditions on the
system (11) that lead to a unique equilibrium of the linear approximation (see Blanchard
and Kahn (1980) or Sims (2002)) and we assume that these are satisfied.

The equilibrium conditions (11) include the Euler equations of different agents in the
model. We want to allow for heterogeneity in agents’ concerns for robustness which implies
that the model can involve multiple different M, ,. We achieve substantial generality by

assuming that we can write the j-th component of g as

. - o .
gj (xt—l—h Tty Tp—1, Zt+1> Zt) - Mt 1g] (xt-i-lv Tty Tt—1, Zt+1, Zt) .
+

where 0; € {0,1,...,I} indexes the agent whose concern for robustness is associated with
the distortion of the j-th equation, with MQH = 1. In particular, all nonexpectational
equations and all equations not involving agents’ preferences will have o; = 0. System (11)

can then be written as

0=E; [Mt+1g ($t+1, Tty Tg—1, Wit1, wt)] (12)

where M, ; = diag {Mf s, MY Jfl} is a diagonal matrix of the belief distortions, and g is

independent of the robustness parameters 6;.

3 Series expansions

We utilize the series expansion method as in Holmes (1995) and Lombardo (2010). This
solution technique generates a recursively linear solution for the individual orders of ap-
proximation. We will discuss an explicit solution for the second-order approximation. This
second-order approximation features prominently in our asset pricing applications. We first
show how to expand all quantities that are of our interest and then, in Section 4, we in-
corporete these expansions into the approximation of the set of equilibrium conditions that
describe our dynamic model.

Consider a class of models indexed by a perturbation parameter q:

2 (q) = ¥ (2-1(q) , quy, q) (13)



and assume that there exists a series expansion of x;

1
Ty = Tor + 9Ty + §q2x2t + ...

The processes xj;, 7 = 0,1,... can be viewed as derivatives of z; with respect to the pertur-

bation parameter, and their laws of motion can be inferred by differentiating (13) j times:

zor = ¢ (Toi-1,0,0) (14)
Ty = YpTu—1 + Ypwi + U,
To = Yalop—1 + Yoz (Tre—1 @ Tre—1) + 200w (T1e—1 @ Wy) + 20Pgq@14—1 +

Fuw (W @ We) + 200wy + Yyq.

Appendix A provides details on the derivation and tensor algebra.

Observe that the expansion has a recursively linear structure, an inherent feature of
the series expansion method. The law of motion for zy is deterministic and in stationary
models, xg; = T is constant. The dynamics for xo, is nonlinear only in z1;. Therefore, stable
dynamics for z1; also implies stable dynamics for xo, (and this is also true for higher-order
terms). Contrary to standard perturbation methods, series expansions of all orders will
generate stable dynamics as long as 1, is a stable matrix.

In our solution, the solution for ¢ will explicitly depend on q whenever there are agents
in the model who have concerns for robustness. It is well known that in standard rational-
expectations perturbation solutions (see, for instance, Schmitt-Grohé and Uribe (2004)),
the partial derivatives of ¢ with respect to q are zero. This is not the case for the robust

approximation.

3.1 Distortions

Building on the robust control literature, Borovicka and Hansen (2013) propose an expansion
of robust preferences that preserves a nontrivial worst-case distortion even as q — 0. This
expansion scales the robustness parameter ¢ jointly with the volatility of the shocks.

The task is to construct such an expansion of the recursion for the continuation values
V! and for the belief distortions M;. We will start with the latter. We want to focus on
the second-order expansion of the worst-case distortion and in order to do so, we will use a
third-order expansion of the continuation value.

Assume there exists a series expansion

2 3

i i i qa ¢
Vi = Vo AV + 5‘/2,#1 + g‘/},,m- (15)



Our intention is to construct the expansion

exp (—ﬁ i (q)> o

M — ~ M 5
Ey [eXp (‘@ 1 (q))}

t+1 —

i i
01 TAMy o + 5 My,

Substituting in expression (15) and noting that Vj,_, is a deterministic term, we can approx-

imate Mfﬂ with

_1 i ay/i a’y/i
; eXp ( 0; (Vl,t—i-l + 2V2,t+1 + % V3,t+1>)

TR — L (Vi + 9V + 2V
t |€XP 0; Lt+1 T V2441 6 V3,t+1

Differentiating with respect to q and evaluating at g = 0, we obtain the expansion

exp <_9li‘/12;t+1>

Mét—i—l = . (16)
B, o (~4Viw)
i 1 i i i i
Mlt—i—l = _@Mmﬂ [V2,t+1 - L [M0t+1‘/2,t+lﬂ
i 1 i i i i i
M2,t+1 = _ﬂ [Ml,t+1v2,t+1 - Mo,t+1Et [Ml,t+1V2,t+1H -
1 i i i i i
_@ [Mo,m‘/},,m - Mo,t+1Et [MO,t-i—lVE’),t—i-lH +
L i i
_'_%Ml,t-i—lEt [Mo,t+1 2,t+1] .

This expansion is distinctly different from the standard polynomial expansion famil-
iar from the perturbation literature. First, observe that M, , is not constant, as one
would expect for a zeroth-order term, but rather nonlinear in Vy,, ;. However, observe that
Ey [M{, 1] = 1, and we can thus treat M, as a change of measure that will adjust the
distribution of shocks that are correlated with M{, ;. We will show that with Gaussian
shocks, we can still preserve tractability.

Further notice that E, [M},,,] = E, [Mj,,,] = 0. This has important implications for
the expansion of the product M, 1g,.1 in expression (12). Since ggi41 is deterministic, we

obtain
E, [Mlt—l—lgOt—l—l] = FE [M2t+190t+1] =0.

A second-order expansion of (12) will therefore not contain the Mj, , term and we do not

need to expand the continuation values to the third order.



This representation also reveals which terms will contribute to the individual orders of
expansion. In addition to the terms obtained in the standard perturbation method, the
first-order expansion will feature the term E; [Mg;111,4+1] where My captures the first-order
dynamics of the continuation values V*, and the second-order expansion will contain terms
E; [Mo,t+192,t+1] and Fj [Ml,t-l—lgl,t—i-l]-

Our proposed modification of the perturbation method thus accentuates the role of the
worst-case distortions. A similar approach has been used by Ilut and Schneider (2011) where

the dynamics of the worst-case model plays a role in the first-order dynamics of the model.

3.2 Continuation values

We now turn to the approximation of continuation values. Recursion (4) can be written as

V?(q)=:UikD-ﬂi&wnlogE%{aq>(—a%;tilkn)] (17)

We want to construct the first- and second-order approximation of (17) that we can use in
the expansion of the belief distortions M, derived in Section 3.1. We are looking for the

approximation in the form
2
q

2

The zero-th order approximation is nonstochastic and can be found immmediately by

Vi (@) = Vo, + aViy + - Vi

setting q = 0:
Vbit =(1- 5@')_1 uét- (18)

Higher-order terms in the expansions are derived by sucessive differentiation with respect to

g and are given by the recursions

) , 1 .
1Zt = U‘?it — 5191 In Et |:eXp <_9_ Zt+1):| (19)
and
exp (‘9%‘/1@:5“)
o (2]

where the E! [] expectation is under the distorting martingale

Vzit = uét + BE,

2it+1 = u, + ﬁiEti [Vzitﬂ] (20)

exp (_9%‘/1%1)

Mét—l—l = L :
o (-4

10



We consider period utility functions of the type u! = u’ (z;).! With this assumption, it is
natural to expect a solution for the continuation values in the form V' = V* (x;). Expanding
ul(q) = u'(z4(q),q) and V/(q) = V' (x,(q),q), and using the method of undetermined
coefficients in recursions (19) and (20), we obtain a set of equations for the partial derivatives

of V' in the solutions for V}, and V),

Vip = Viau+ V) (21)
V;t V;@Qt -+ Vxlx (Slflt &® S(th) + 2‘/;‘15{7“ + ‘/qiq

where the coefficients can be derived from recursion (19) and (20) using the method of
undetermined coefficients. These coefficients depend on the (still unknown) derivatives of
but we show below how to solve for all these coefficients jointly. Details of the computations
are provided in Appendix A.

The linear structure of V7, also has an important implication for the worst-case distortion

constructed from M, ;. Substituting into (16) yields

eXp (‘é‘/;ﬂi@bwth)

Mét—l—l = .. . (22)
Ey [exp <_9_ivxlwwwt+1)}
This implies that for a function f (wyyq) with a shock vector w1 ~ N (0, 1),
By [Mét—l—lf (le)} = EZ [f (wis1)] (23)

where, under the * measure, the vector wy,; has the following distribution:

1

W1 ~ N (—9— (ngww)/,lk) .

4 Model solution

With the expansions at hand, we can construct the approximation of the model (12) and
derive its solution. The nonlinearities in the expansion of M;,; motivate an iterative proce-
dure.

We will proceed as follows. Our intention is to expand the system with the function

2
q
Ji+1 =49 ($t+1 (Q) )y Lt (Q) y L1 (Q) y QWy1, QWy, Q) = got+1 + d91041 + 592t+1- (24)

!Dependence on lagged values of economic variables such as in the case of habit formation models can be
treated by appropriately augmenting the vector x; with lags of these variables.

11



The zeroth-order approximation of the system is

0 = E; [Mot+1901+1]

Since gor41 is assumed to be deterministic and E; Mo, 1] = 1, this equation dictates g1 =
0. This amounts to solving for the deterministic path (typically the deterministic steady
state) of the model

0 = g (Tot+1, Tot, Tot—1,0,0) .

4.1 First-order expansion

The first-order expansion of the system (12) is

0 = E [Mot4191041) + Ei [Mig1190141] (25)

where the last term on the right-hand side is zero because E; [Mj; 1] = 0. We will use this

equation to solve for the coefficient matrices in the law of motion

Tip = YpX1—1 + YWy + V. (26)

The term My, implies that the first equation is not a linear one — it depends nonlinearly
on the continuation values V{,,,, which in turn depend on ), (see equation (22)). However,

observe that the first-order expansion of (24) takes a linear form

G1t41 = GatT1e41 + a1t + Go—T1—1 + GuiWit1 + GuWi + Gy

Substituting in for x1;y; using its linear low of motion, we see that My, will only have
an impact on the term (g,4%w + guws) wer1. Under rational expectations, this term has a
zero mean. Under the beliefs distorted by the zero-th order contribution of the concern for
robustness My, this term will contribute a constant to equation (25).

This observation suggests we proceed as follow. Substituting into equation (25), we can
write it in terms of xy;_q, w; and w;y1. The coefficients on x;_; and w; imply a pair of

equations

0 = (gw+wm + gm) Yy + Gou
0 = (gw+wm + gm) Y + Gu

which can be solved for v, and 1, using standard methods. These coefficient matrices

12



will not differ from those obtained in the rational expectations model. With ,,, we can

reconstruct M4 using the procedure from Section 3.2, and then solve for 1,. Define

Et [wt—l—l] = Efl [wt—l—l] .. Ef” [wt“ﬂ = [Et [Mgtl_i_lwt+1:| e Et [Mgtl_i_lwt+1:| ]

the matrix consisting of columns that represent conditional means of w;,; under distortions
associated with individual equations of the set of equilibrium conditions (25). Then the

constant term in (25) implies a condition

0=@w%ﬁ@w+@d%+[%+&%(@HMWHMHEJ%HD]

where the diag (-) operator generates a column vector from the diagonal of a matrix.

In sum, the concern for robustness contributes in the first-order dynamics with a constant
term ), to the policy rule (26). 1, will be zero in a rational expectations model where
E, [wiy1] = 0 and where g1 does not explicitly depend on q. We will later show how
the drift term changes when the law of motion is represented under the agents’ worst-case
models.

This drift term also generates risk premia on cash flows which are exposed to shocks
which the agent fears. Consider a cash flow with payoff ¢'w;; ;. The expected payoff of this
cash flow is zero but under agent’s ¢ worst case model, this is

- 1
EZ [C/wt—l—l] = —e—l

Ve

which reflects the covariance of the cash flow with the robust adjustment component of
the stochastic discount factor (5). Although agents behave as risk-neutral in the first-order
approximation, from the perspective of a rational expectations observer they nevertheless

require a compensation for their pessimistic beliefs about these cash flows.

4.2 Second-order expansion

Given the more involved algebra of the solution, we only outline a sketch here, with details
deferred to Appendix C. The second-order expansion of the equilibrium conditions is given
by

0 = Ey [Mot+192+1] + 2B [Mag1g104+1] - (27)

The first term on the right-hand side is a standard second-order expansion with constant
mean distortions of the shocks in gg11 imposed by the known (from the solution of the

first-order approximation) worst-case distortion Mg, ;. This term will lead to a standard

13



second-order solution, represented by systems of linear equations for the unknown second-
order derivatives of .

The second term has an different structure. It contains the term gi;y1, which will only
depend on the known first-order dynamics of the law of motion v, and an unknown matrix

M;41 constructed from distortions

. 1 . . . .
M1Zt+1 = _@Métﬂ [V22,t+1 - L [Mét+1‘/22,t+lﬂ

The term M7, is the scaled innovation of V7, ,; under the worst-case measure. Given the

quadratic structure implied for the second-order dynamics, we can write

1

Mlit—l-l = _ﬁ

Mg,y (Ai (71¢) (wt+1 —E, [wt+1]> + B (wt+1 ® wer1 — B [wer ® wt+1]))
(28)

where A (zy;) is a row vector that is a linear function of z1; and B* is a constant row vector.

Both A’ (xy;) and B depend on the second-order derivatives of V* and +. Further observe

that we can write

2F; [Mit1191641) = 2 M1 (9ot w + Gut) Wi ]

and thus, given the second-order expansion for V*, the term E; [Ms,1g1441] can be solved in
closed form, since it only contains moments of w;,; under the worst-case measure distorted
by M3t+l'

Given the above considerations, we can express the system (27) as a function of 1, 1,
Tos—1, wy and products of these terms, and use the method of undetermined coefficients to

solve for the unknown second-derivative matrices of ¢ from the low of motion

To = Yalop—1 + Yoz (Tre—1 @ Tre—1) + 20w (Tre—1 @ Wy) + 20Pgq@14—1 +
Fww (Wi @ W) + 2VqWs + Pyq-

Although these equations are linear in the second derivatives of ¢, they also depend on the
second derivatives of the continuation values V' derived in Section 3.2, which depend on the
derivatives of 1 as well. However, we show in Appendix C that there is an ordering in which
both the second derivatives of V* and 1) can be solved for sequentially, without a need for

an iterative procedure.

14



5 Approximating and worst-case dynamics

The approximate dynamics derived in the preceding section with w;.; ~ N (0, ;) is the
solution of the economic model that incorporates agents’ concern for robustness but, at the
same time, is represented under the approximating model, which is typically associated with
the data generating process.

At the same time, it is possible to represent the law of motion for the economy under the
worst-case model perceived by the economic agent. This is useful when we want to derive
dynamic responses of the model under the agent’s subjective beliefs.

In order to do so, we will proceed somewhat differently than in Section 3.1. Although
M, is a strictly positive term with a unitary mean that can be used as a change of measure,
the higher-order terms are not guaranteed to be strictly positive. An alternative is to use a
second-order expansion of the value function in the non-expanded expresssion for the change

of measure:
exp (=5 (Vi1 + 3Var)
; Ny p 9; \V1t+1 T 2 V241

1 =M, = ) - —
Ey [eXp (‘9—1. (V1t+1 + §V2t+1))]

This expression is strictly positive and has a unitary mean.> Also, since Vj,; is linear in

weyq and Vi, is quadratic, we can write it as

AL AL / A .
exp ((A6 + A’lxlt) Wey1 + B (wt—l—l X wt+1))

~ .

? —
t+1 T

AL AL ! A,
E; {GXP ((AB + Aﬁ$1t> W1 + B (w1 ® wt+1))]

and, utilizing formula (33), we deduce that under the distorted measure ¥ the shock w1

is distributed as wyyy ~ N (fif) + iz, 67 (6%)) with
o N1y -1
o' (O’Z) = (Ik — sym [matk,k <2B’>]) (29)
o+ e = o' (6%) (A + Al (30)
The approximate distortion Mti-i-l therefore induces a time-varying change in the drift of

the shock that is a linear function of the state vector x1;, and a constant adjustment in its

volatility. Further, we can write w;11 = i} + i1, + 6'wy1 where W, is a multivariate

2Moreover, this expression corresponds to the first-order logarithmic expansion of M} 11, compensated
to make its mean equal to one. We choose this first-order expansion as an appropriate one here, since
the second-order term in the expansion of M/, ; does not contribute to the solution of the second-order
approximation of the model.

15



standard normal shock under **, which implies the following dynamics for the solution of the

model under the worst-case beliefs of agent i:

zor = Y (zo-1,0) (31)
Ty = a1+ o] + Yufly + g
Loy = ¢xx2t—1 + [¢xw + 2¢xw (In ® ,&Zl) + 7pww (/121 ® /121):| (xlt—l & xlt—l) +

2000 (10 0) v (1) @64 [50 (i), )] (o 00) +

J
+ (2000 + 2000 (In ® 1) + 20ugfts + Prow (1

®
:;>
+
=2
- ®
>
2
=
=2
T
+

Fgq + Yuw (4 ® fih) + 20weitl

The change of measure thus generates a rather sophisticated nonlinear impact on the dynam-
ics of the model. First, observe that the first-order dynamics feared by the agent need not be
stationary even if the approximating model is, as the autoregressive coefficient changes from
¥, 10 ¥, + i}, The autoregressive coefficient of the second derivative o, is not impacted
in this second-order approximation but the impact of the first-order terms on x9; changes.
Also, although the volatility of the shock w;; is only distorted by a constant transformation
(29), the implied change in the conditional volatility of the model is more complex because

of the ‘stochastic volatility’ term z1;_; ® ¢, which is now scaled by 2., (I,, ® 6%).

5.1 Shock elasticities and nonlinear impulse response functions

The macroeconomics literature uses impulse response functions as a standard tool to evaluate
the dynamics of equilibrium models. In a (log)linear VAR framework, the impulse responses
are functions of the horizons of the response but are independent of the state at the time
of the impact of the shock, the future shock distribution and the magnitude and the sign
of the initial shock. In a nonlinear framework, impulse responses generally depend on all
these features of the model, and one has to be specific about the type of impulse response
experiment conducted in the model evaluation exercise, see Gallant et al. (1993), Koop et al.
(1996), or Gourieroux and Jasiak (2005).

Borovicka and Hansen (2013) propose a related method that closely links the macroeco-
nomics and asset pricing literatures. The experiment is to compute the sensitivity of expected

cash flows and expected returns associated with these cash flows to marginal changes in the
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exposure of the cash flows to economic shocks. Consider again the model dynamics (1)

Ty =1 (fEt—l, wt)

This model will typically be assumed to be stationary. However, our objects of interest —
cash flows and stochastic discount factors — are inherently nonstationary and grow or decay
over time. We therefore use the model for z; as a way to model stationary increments of

processes called additive functionals:

t—1

Y= Yot 3wl ).

s=0

A frequent example of the increment to the additive functional is

(s, Wey1) = B () + () - Weyn

where the state-dependence of « () represents a model of stochastic volatility. Examples of
additive functionals include logarithms of cash flows and stochastic discount factors. Because
asset pricing modeling requires to compute conditional expectations of levels of variables
rather than logs, we also define a multiplicative functional M, = exp (V}).

A typical impulse response experiment considers an impulse which consists of a mean
shift in the distribution of the initial shock. We proceed differently and define a perturbation
in the direction oy, (o) as

1
log Hy (r) = ray, (o) - wy — §r2 vy ()|

where r is an auxiliary parameter and the direction vector is normalized so that E [|ay, (o) |2}
1. We use Hj (r) to perturb the dynamics of the original multiplicative functional M, in pe-

riod 1. Specifically, we construct the perturbed dynamics
log M; + log Hy (r)

and compare the expectation of M; with the expecattion of M;H; (r) for small perturbations

by computing the derivative
d
Em (x,1) = o log E [MH (r) | g = 2]
r=0

The state-dependent function &, (x,t) is the shock elasticitiy function for the multiplicative
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functional M;.

Observe that Hj (r) has mean one, so that perturbing M; by H;j (r) does not produce
any direct mean shifts through the mean of H; (r). The effect on the conditional expec-
tation, captured by the shock elasticity function, rather comes from marginally increasing
the volatility (exposure) of M, through H; (r) in the direction of shocks that is captured by
ay, ().

This experiment corresponds more to the tradition of the asset pricing literature that
compares risk premia on assets with different exposures to risk. However, it is straightforward
to show that in the case of loglinear Gaussian frameworks, the shock elasticity exactly
corresponds to the impulse response function for Y.

Borovicka and Hansen (2013) show that when the law of motion ¢ for the state vector
has the functional form generated by the series expansion method, closed form solutions for
the shock elasticities exist, including the distribution of the shock elasticity function under
the stationary distribution of the state vector. This holds both under the approximating
model as well as under the worst case model given by (31). Evaluating the approximate

solutions using the shock elasticity functions is therefore straightforward in our framework.

6 A quantitative example

Performance of approximation methods is typically shown on examples of simple general
equilibrium models, like different versions of the textbook real business cycle model. But
these simples models have virtually no effects beyond second order. We therefore compare the
performance of the robust second-order approximation against a third-order approximation
of the model by Bidder and Smith (2012). Bidder and Smith (2012) solve their model using
a standard smooth third-order perturbation. We show that our second-order expansion
generates quantity responses that are very close to those produced by Bidder and Smith
(2012). We also analyze the pricing implications of this model and argue that the prices of

risk in this model are two low to produce quantitatively relevant premia on risky assets.

6.1 The model

The model consists of a utility-maximizing household that exhibits a concern for robustness
and an aggregate production technology with capital accumulation that is subject to convex
adjustment costs. The technology is driven by a productivity shock with a permanent
component and stochastic volatility. Given the structure of the economy, we can find the

equilibrium allocation by solving an associated planner’s problem.
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The representative household has preferences over consumption C; and labor L; and its
concern for robustness is expressed by a recursion for the continuation value (4), with the

period utility function
Ut = lOg (Ct — §Ct_1 — T]QL?l Jt)

where J, = C¥.J}/ is a Jaimovich and Rebelo (2009) adjustment factor that adjusts the
disutility from labor to keep the preferences consistent with a balanced growth path. The

technology by an exogenous labor augmenting productivity shock

Zt+1 = Az + 2+ €Ut+15252,t+1

Vi1 = PV + OpEptil
and produces output using the Cobb-Douglas production function
}/; = (hth)a (€ZtLt)1_a

where h; represents the utilization rate of capital in place. The stock of capital is accumulated

T 2
Kt-‘rl = (1 - 6 (ht)) Kt + [t (]_ —_ ﬁ (_t _ 6Az) )
2 \ It

where the second term on the right-hand side represents second-order adjustment costs and

according to

the function 0 (h;) is the utilization-dependent depreciation rate

01

h1+52 .
140y °

(S(ht) — 6()“‘

Consumption and investment are restricted by the aggregate feasibility constraint
}/;/ - Ct + ]t-

6.2 Stochastic discount factor and belief distortions

We focus closely on the dynamics of the stochastic discount factor of the representative

household. The one-period stochastic discount factor consists of two components

Sit1 = Str1 My
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where §t+1 is the discount ratio of marginal utilities of consumption

8Ut+1 / 8Ct+1

St-l—l = B aUt/ﬁct

and M, is the belief distortion generated by the worst-case model and represented by the

exponential tilt (3).

6.3 Comparison of results

Bidder and Smith (2012) focus on the quantity dynamics under the approximating and the
worst-case model, where the former is associated with the data-generating process. Figure 1
plots nonlinear impulse responses from the Bidder and Smith (2012) paper in blue and
compares them to our shock elasticities in red. While Bidder and Smith (2012) only plot
the average impulse response, we plot both the average shock elasticities as well as their
quantiles under the stationary distribution of the state vector.

The results show that the performance of the robust approximation effectively corre-
sponds to that of a standard approximation with an order of approximation higher by one.
This is particularly pronounced for the responses to the volatility shocks. Under a standard
second-order approximation, the responses to volatility shocks would be zero by construc-
tion. The robust preference expansion method pins down, in a second-order approximation,
the volatility responses computed from a third order approximation.

Figure 2 shows that the approximation is good not only under the approximating model
but also under the worst-case model of the robust agent.

With the belief distortion at hand, we can also conduct pricing exercises. For instance,
the ratio of marginal utilities of consumption, S, corresponds to an equilibrium stochastic
discount factor of a non-robust household who faces the same consumption and volatility pro-
cesses as the robust household. The whole product, S; 1 = §t+1Mt+1 is then the stochastic
discount factor that the robust household is facing.

Figure 3 plots the shock-price elasticities (responses of expected returns to structural
shocks). In line with our previous discussion, it is particularly the volatility shocks that the
worst-case accentuates significantly — while for the non-robust agent, the volatility shock
plays a negligible role in pricing (bottom four graphs), the shock carries a much higher price
of risk (as measured by the shock-price elasticity) when robust concern is taken into account

(top four graphs).
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Figure 1: A comparison of shock elasticities computed using the second-order robust prefer-
ence expansion method from this paper with the results from Bidder and Smith (2012). Top
four graphs present responses to the technology shock, bottom four graphs responses to the
volatility shock. Shock elasticities computed under the approximating model.
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Figure 2: A comparison of shock elasticities computed using the second-order robust pref-
erence expansion method from this paper with the results from Bidder and Smith (2012).
Top four graphs present responses to the technology shock, bottom four graphs responses
to the volatility shock. Shock elasticities computed under the worst-case model, and the
mean and quantiles of the responses are conditioned on the stationary distribution under
the worst-case model.
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Figure 3: Shock-price elasticities: Shock-price elasticities for the technology shock (in
red) and volatility shock (in blue). The upper two rows correspond to the robust agent, and
are calculated by taking just the consumption part of the stochastic discount factor (without
the distortion) and computing the shock-price elasticities under the worst-case model. The
bottom two rows correspond to the shock-price elasticities for an agent who has the same
equilibrium consumption process but his beliefs are not distorted toward the worst-case
model. In effect, all shock-price elasticities here are computing using the same SDF, upper
two rows under the worst-case model, bottom two rows under the approximating model.
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7 Concluding thoughts

In this paper, we showed that a judicious choice of the method for the approximation of the
stochastic discount factor can decrease the order of approximation needed to obtain accurate
solutions for relevant features of the model of interest. In particular, we consider models
in which agents have a concern for robustness, reflected in the slanting of the subjective
probability distribution toward worse outcomes. This probability distortion is a function of
a parameter that controls the degree of robustness. We show how to derive a generalization
of the series expansion method that scales this parameter jointly with the volatility of the
shock. The method allows for multiple endogenously determined belief distortions, resulting
in heterogeneous worst-case models of individual agnets. The resulting nonlinearities in the
approximate equilibrium conditions can be handled analytically, using methods similar to
those for perturbation solutions of rational expectations models.

We test the performance of the method by comparing nonlinear responses to economic
shocks in an equilibrium model of Bidder and Smith (2012), who use a third-order pertur-
bation approximation to capture the dynamic effects of shocks to stochastic volatility. We
show that our method performs well in capturing responses to shocks both to the level as
well as the volatility of the productivity process, using only a second-order approximation.
The responses are close to those in Bidder and Smith (2012) both for the dynamics under
the approximating as well as the worst-case model. The proximity of the volatility responses
to those generated by the third-order approximation is particularly remarkable, as a con-
ventional perturbation approximation method computed to the second order would lead to
responses to a volatility shock that are exactly zero — there would be no stochastic volatility
effects whatsoever.

In addition, our method has the advantage that it generates recursively linear second-
order dynamics which we can use to compute the dynamic responses analytically. To do so,
we use the concept of shock elasticities that we developed in our earlier work in Borovicka
and Hansen (2013). The shock elasticities measure the sensitivity of expected cash-flows
(and expected returns) to the exposure of these cash-flows to economic shocks. Analytical
tractability implies that in order to compute the responses, we do not need to rely on
simulations of the equilibrium state vector and on techniques that discipline the unstable
simulated trajectories.

While the method performs remarkably well for the analyzed example, it is important
to understand the asymmetry in the approximation technique. It is based on the idea
that the crucial nonlinearity of the model arises from the dynamics of the belief distortion
in the stochastic discount factor, and therefore our method of approximation will signif-

icantly improve the solution of the whole model. For instance, nonlinearities arising from
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continuation-value components in recursive utility stochastic discount factors can be handled
analogously but if the source of nonlinearity comes from other components of the model, the
method may likely perform closer to the standard perturbation approximation.

The functional form of the solution that we generate can also be exploited advantageously
in estimation techniques. Aruoba et al. (2012) consider such second-order recursively linear
dynamics to develop tractable estimation techniques that explore nonlinearities in the solu-
tions of DSGE models. Further work in this direction is likely to generate new promising

insights.
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Appendix

A Preliminary algebra

In this appendix, we provide some details on some algebraic operations used in the paper.algebraic

rules of tensor algebra.

A.1 Definitions

To simplify work with Kronecker products, we define two operators vec and mat,, ,. For an m x n

matrix H, vec (H) produces a column vector of length mn created by stacking the columns of H:

h(j—1ym+i = [VeC(H)](j—l)m—l—i = Hij.

For a vector (column or row) h of length mn, mat,, , (h) produces an m x n matrix H created by
‘columnizing’ the vector:

Hij = [matm,n(h)]ij = h(j—l)m+i-

We drop the m,n subindex if the dimensions of the resulting matrix are obvious from the context.

For a square matrix A, define the sym operator as

sym(A) == (A+ 4.

N =

Apart from the standard operations with Kronecker products, notice that the following is true. For

a row vector Hqy,r and column vectors X,,»1 and Wy, «1
H(X @ W)= X'[maty,, (H)]'W
and for a matrix A,,«, we have
X'AW = (vecA'), (XoW). (32)
Also, for Anxn, Xnx1, Kix1, we have

AX)o K = (A®K)X
K®(AX) = (K®A)X.

Finally, for column vectors X, «1 and W1,

(AX)® (BW) = (A® B) (X @ W)
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and
(BW) ® (AX) = [B® Asjlj_ (X @ W)

where

[B® Aegjli_; =[B® A B®Asx ... B® Ad].

A.2 Concise notation for derivatives

Consider a vector function f (x,w) where z and w are column vectors of length m and n, respec-
tively. The first-derivative matrix f; where i = x,w is constructed as follows. The k-th row [fi],,

corresponds to the derivative of the k-th component of f

(k)
i (0l = 2 ().

Similarly, the second-derivative matrix is the matrix of vectorized and stacked Hessians of

individual components with k-th row

92 f® '
[fij (z,w)],e = <VGCW (:17,w)> )

It follows from formula (32) that, for example,

2 £(k) 2 £(k) /
z <8Lw (x,w)> w = (vec%(%w)) (2@ w) = [fow (T, w)]4, (T @w).

A.3 Conditional expectations

Let w1 ~ N (0, Ix). Notice that a complete-the squares argument implies that, for a 1 x k vector

A, a1l x k% vector B, and a scalar function f (w),

Bt [exp (B (w1 @ wit1) + Awgr) f(wepr)] = (33)

1
= E; [GXP <§w£+1 (maty k, (2B)) wig1 + Awt+1> f (wt—l—l)] =

_ 1 _
= |1 — sym [maty, ;, (2B)]| 12 exp <§A (I — sym [maty . (2B)]) A') By [f (wi1)]
where under the ~ measure

Wit ~ N ((Ik — sym [maty, (2B)]) "' A, (I, — sym [maty (23)])—1) : (34)

27



B Series expansions

The series expansion method analyzes a small-noise approximation of the model zy = ¢ (z;—1, wy)
where w; ~ N (0, I}) and x; is an n x 1 Markov state around a deterministic path. We consider a

class of models

zt (q) = ¥ (ve-1 () , qut, q)

as a function of the perturbation parameter q. Repeated differentiation with respect to q and

evaluation of the derivatives at q = 0 yields a sequence of dynamic models (here, up to the second

order)
ror = Y (Tot-1,0) (35)
T = YeTy—1 + Yuwr + Yy
Toy = YpXor—1 + Yz (T1e—1 @ T1e—1) + 2Vp0 (T1e—1 ® We) + 2052 1—1 +
+1/}ww (wt ® wt) + 27/}wqwt + 1/qu
where

2
r¢ (q) ~ ot + qT1e + %x2t
and x; can thus be interpreted as derivatives of the proces z; with respect to q. The matrices ¢; and
1;; are first- and second-order derivatives of ¢, constructed using the notation from Appendix A.2.
Observe that the approximate dynamics up to j-th order is a Markov system with a (j +1)n
dimensional state vector. x) = (j,, &, . .., ;1)
Functions of the state vector f (x;) are approximated in the same way. For instance, agent’s i

period utility function u} = u’ (z;) yields the approximation

i i
up, = u' (o)

Uy = UgZir + U

uy = uLTop + Ul (T @ 1) + 2ug,m11 + Ugq

Here, we preserve the possibility of an explicit dependence of u? on q. Although in applications the
partial derivatives of u’ with respect to q will almost always be zero, this will no longer be true for
endogenously determined quantities in our framework. Also note that the j-th order approximation

approximation preserves the Markov property with state vector x7.

C Approximate solution

In this section of the appendix, we provide details on the solution of the model (12). We start with
the construction of the continuation values and worst-case belief distortions, and then discuss the

solution for the equilibrium conditions.
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C.1 Continuation values and worst-case distortions

In Section 2.1, we derived recursion (4) for the continuation value of an agent with a concern for

robustness, which suggests the expansion
i i 1.
Vi (a) = ui (q) — Bif; log Ey |exp _a‘/t_i_l (q) )] -

Repeated differentiation of
2

Vi (a) = Vo +aVi; + 7V22t
leads to the set of recursive formulas
Vo, = ufy+ 5VOit+1
. . 1 .
Vii = wuy — fifilog Ey [exp <_§Vft+1>] (36)
A
exp <_€%~V1it+l>

Ly [GXP (_e%-vlit-i-lﬂ

Vzit = Ulét + BiEt V2it+1 . (37)

Since uf = u’ (1), we can make the guess that V; (q) = V* (2 (q),q) which leads to the following

expressions for the derivatives of V;:

%
Vlt

inﬂfu + V;;
Vzit = Vwil'gt + lem (xlt (= Jflt) + 2Vmiq331t + V;]iq

where we ignored the expression for the deterministic term V{, as it is irrelevant for our calculations.
We plug these expressions into the recursion (36), substitute for x4 from the law of motion
(35), solve for the log normal formulas and compare coefficients on x1; and the constant term to

obtain solutions for V! and V;]i

Vi = (I — Bibe) ! (38)
Vi = =80 a8V — g Vil (7).

With this solution, we can also solve for the order zero distortion for the worst-case model of

agent ¢ in expression (16).

_ exp <—9%V1it+1> B exp (-%V;‘wwth)
M1 = E; [exp <_6%-V1it+1>] N E, [exp <_0%inwwwt+1>:| (39)

where 1, will be determined later. This change of measure that imposes a new drift on w41 under
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the worst-case model, so that wy;1 ~ N (—0%_ (V;ﬁ/)w),,lk), ie.,

- 1
E; [wip1] = R

E}/ (W1 @ wey1] = E~§ [vec (wt+1w£+1)] = vec <T7;7‘1 (wpy1) + E}/ [wit1] E~'}/ [wgﬂ]) =

- (Ik 4 ﬁ (Vitp)' (V;w))

Equation (37) can therefore be written as

(Vitp)' (40)

Vi, = uby + BiE} [V2it+1] (41)

where E} -] is the expectation induced by the distortion M, ;.

Substituting the expansions into equation (41) yields

V:,fiﬂzt + Vi (211 @ 711) + 2inq$1t + V;;q = ul o +ul, (v14 @ T1¢) + 2u;q$1t + uzq +
+B:E] [Viworr + Vi (21041 ® T1e41) + 2Vig@1041 + V|

The individual terms in the expectations are equal to

B} [Vizar1] = Vitbuwar + Vithea (210 @ 210) + (2Vithag + B [w}] (maten (2Vibnw)) ) 210 +
+Vibgq + VithwwEf [wer1 ® wis] + 2Vibug B [wis1]

B} (Vi (1001 @ 211)] = Vi (0 @ ) (210 ® 010) + Vi (0 @ g + 10 © ) 710 +
B [w) ] [maten (Vig (e @ ) + (maty, (VE, (6 @ 92)) ] 010+
FVie [0 ® Vo) + (o @ ) B [wess @ we] + (0 © U + g 8 0) B [wia]

E} [2V£q$1t+1] = 2V5q¢x$1t + 2inq <¢wEf [wi1] + wq)

Ef [tiq] = V;ziq

Now we can compare coefficients on 9, x1; ® x1¢, £1; and the constant term in V2it. The coefficient

on xg; yields the same equation as (38), and the remaining coefficients yield the following equations
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for V2

T

Vg and Vi :

Vip = [ty + BiVithaa] Lz — Bi (o © ¢0a)] ™ (42)
Vil = Bite] = g+ 51 (Vi + 5V (b 90+ 1, 00) ) +

—&% (Vithy) [matkm 2V 0w + Vi (0 ® ) + (maty, i (Vi (hw @ %)))’]
tiq (I—-5i)= ufzq + Bi (inl/’qq + Vi, (g @ q) + QV;qwq) +

1 : ; : )
~Big: (2Vitug + Vi (Y @ g + g @ ) + 2Vaqt00) (Vetw) +

+Bi (Va?www + szx (ww ® 1/@)) vec <[k + ﬁ (Vggl/}w)/ (V;ww)>

These expressions depend on the unknown derivatives of 1) but we show below how to proceed in

order to in order to construct these terms sequentially.

C.2 Approximation of equilibrium conditions

We now approximate the system of equilibrium conditions

Ei Mit19 (g1, 4, Te—1, Wig1, i) (43)

where My = {M/},,... M} is a diagonal matrix of belief distortions and o € {0,1,...,I}
index belief distortions of agents i € {1,...,I} with M, ; = 1. These belief distortions are given
by expression (39).

It will be useful to define

Bifwia] = [B7 fwnn] - B [wi]| =
= [B MG wena] o By [MGwen] ]

the matrix consisting of columns that represent conditional means of w;y; under distortions asso-
ciated with individual equations of the set of equilibrium conditions 0 = E; [Mos4+1911+1]. These
individual columns are constructed in equation (40). We also define accordingly the matrix of

second-moment vectors

fEt (W1 @ weyq] = [Efl [Wit1 ® wey1] Ef" (W1 @ wiyq]]| -

Expanding the set of equilibrium conditions (43) yields

0 = E;[Mott190+1) = gott1
0 = E; [Mott19104+1] + B Migr190t+1] = Er [Mog+191641]
0 = E;[Mor192e41) + 2B Miry1916+1] + Er [Morr190t+1] = Er [Mot1926+1] + 2B [Miv191641]
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and the second equalities in each line use the facts that gosy; is deterministic, Fy [Moi+1] = I,
and Ej [Myy11] = Ey [Myi41] = 0. The first equation is a system of nonlinear equations for the
deterministic path around which we approximate the model, typically a constant steady state.
We will deal with the remaining pair of equations. Notice that the diagonal elements of M1
are given (with the appropriate reindexing by ;) by (39) and depend on the unknown derivative

¥y, while the elements of M, ; represented in (16) depend on the second-order derivatives of .

C.2.1 First-order equations

For the first-order derivative of the equilibrium conditions, we have

0 = E; [Motr191641] (44)

The first-order expansion of g; is

Jit+1 = Go+21t+1 T 9ox%1t + Go—T1t—1 + Juwt+Wi+1 + JuWt + gg =
= [(ge4Vz + 92) Vo + go—] 101 + [(Go Ve + 9u) Y + Gu] wi +
+ (gx+¢:c + Got+ + g:c) wq + 9gq + (g:c—i-ww + gw+) W41

where symbols x, x, x_, w4, w, g represent partial derivatives with respect to xy11, Tt, T4—1, Wit 1, Wy
and ¢, respectively Equation (44) thus is a system of linear second-order stochastic difference
equations. There are well-known results that discuss the conditions under which there exists a
unique stable solution to this system. We assume that such conditions are satisfied. Comparing

coefficients on x1;_1, wy and the constant term implies the set of equations

0 = (gm—l—wm + g:v) Yz + Gu (45)
0 = (g:c—i-w:c + gx) Yy + Gu
0 = (gm—l—wm + gt + gm)i T;Z)q + (gq)i + (gac+¢w + gw+)i Ez [wt+1] t=1,...,n

where the 7 superindices denote i-th equation. The first equation is a quadratic matrix equation
who can be solved for the stable solution using standard methods like the gqz-decomposition (Sims

(2002)). The second equation then implies a solution fow v,

VY = — (ot Pz + gm)_l Gw-

The important observation is the fact that equations for v, and v, do not depend on the belief
distortion matrix Et [wi41], and thus their solution do not differ from a rational expectations solu-

tion. We can therefore solve for v,,, then construct the belief distortion matrix Mg.+1 using (39)
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and finally compute the constant term

Yo == (Gosve + Gor +92) " |9q -+ ding (9049 + 9u) Bi [weia] )|

where the diag (-) operator generates a column vector from the diagonal of a matrix.

C.2.2 Second-order equations

Now we use equation
0 = E; [Mogy192e+1] + 2E¢ Mg y191641] (46)

to solve for the second-order dynamics given by xo;_1. The algorithm is analogous to that for the
first-order dynamics. Plugging in expansions of g1;4+1 and go;11, and substituting in the laws of
motion (35) yields a set of equations in x1;_1, z9;—1 and wy. Then we can compare coefficients on
terms Tii—1, T1i—1 ® T1e—1, T1—1 @ Wy, Wy, wy ® wy and the constant term to obtain solutions for
Yz Yows Vags Yww, Ywg and 1gq. We deal with the two terms in (46) separately.

First term First compute E; [Mot+199t+1]- The second-order derivative of ¢g;11 can be written
as
92141 = Yat+T2t+1 + goot + gu—Tou—1 + Z Gziz; (2 ® 25)
i,j

where z;, z; € {Z1¢41, Z1¢, T14—1, W41, ¢} and z; = ¢ in the Kronecker product represents 1. Symme-
try also implies that 92z (2 ® 2z5) = 92,2 (2j ® z;). We need to compute the expectation of ga;11,
taking into account the distorted expectation of w1 under M41, and substitute repeatedly to
obtain the expression as a function of x14_1, T9:—1 and w;. As in the previous writeup, consider

coefficients on individual terms. The following expansions of Kronecker products are useful:

Tl @ Tup1 = (U @ 1) (214 ® T1441) + [Tﬁw ® (In).j]jzl (1141 @ wig1) + (g @ Iny) T141
1 @141 = (I @ Yg) (1 @ x11) + (In @ Vo) (14 @ wig1) + (In @ Yg) 14
Tl Qwip1 = (Vo @ Ii) (1 @ Wig1) + (Vo @ Ii) (Wir1 @ wegr) + (Vg @ 1) wiga

In order to simplify notation for the intermediate steps, denote I'yo4, I';o and I'yo— the coeffi-
cients on xopy1, xor and x9p—1, and | the coefficients on z; ® z; with notation as above. These
coefficients include terms that are the result of substitution for terms defined earlier.We denote in

red the unknown coefficients that we need to solve for.

33



Coefficients on xy41 terms:

[2t41] : Doy = gut

[xlt-i-l ® xlt-i—l] : Fx-‘,—:c—i— = Gz+z+
n
[xlt—l-l ® wt—l—l] : Fw—l—w—l— = 29w+w+ + Fm—i—x—l— [Q/Jw & (In)]] -
]:

[xlt—l-l ® wt] : Fw—l—w = 2gm+w

[xlt-i-l] : Fx-i—q = 2gx+q + ey (T/}q & In)

Coefficients on x; terms:

[$2t Tpo = 9z + Fm2+¢x
[xlt Q@ T1t41 Fxx-i— = 29:0:0—}— + P:c—f—x-i— (7/}96 X In)
[$1t ® T1¢ Tpo = Gzz + Fw2+7/}ww + wa—l— (In & ¢x)

n
[xlt & wy Tpw = 2gmw + Fw—l—w (Q/Jm ® Ik) + Iy [Q/Jw & (In)]] -
]:

]
]
]
(21t @ wey1] ¢ Towt = 202w+ + 20a24Vaw + Dagws (Yz @ ) + Loz (In @ Yu)
]
] ¢ Taq =29aq + 2La2400q + Davgtha + Taat (In ® ¥g) + Tag (g ® 1)

[ﬂflt
Coefficients on x;_1 terms:

[$2t—1 Tpoo = Go— + Fmﬂ[)m
Fx—:c—i— = 2gx—:c+
Fw—m = 29x—m + me (¢x & In) + Fw—m—i— (In ® ¢x)

]
[Z1t-1 ® T1141]
]
[Z1t-1 @ z1-1] ¢ Toma = go—a— + TaoVus + Toma (In @ Y2)
]
]
]

[T11—1 ® T1¢

Fw—w—l— = 2gm—w+ + F:mu—i— (Q/Jm ® Ik) + Fw—m—i— (In ® Q/)w)
Do =292—w +222%50 + T'aw (1/}90 & Ik) +I 2 (In & ww)
F:v—q = 29:v—q + 2Fw27/):zq + quwm + Ty (In ® ¢q) +T 2 (In ® ¢q)

[T11—1 @ w1
[T1i—1 @ we

[iﬂlt—l

Coeflicients on terms:

[wt—i—l & Wig1 Fw—f—w—i— = Juwtw+ t Fx2+www + Fx-{—w-{— (ww X Ik)
[wt & Wit1 Fww—l— = 2gww+ + me—l— (¢w ® Ik)
[wt—I—l IWw—I—q = 2gw+q + 2P:c2+wwq + P:c—f—w—f— (wq & Ik) + Fx-i—qu + P:cw-i— (% & Ik)

]
]
]
[wr @ wy] © Tww = Guww + La2tuww + Tow (Yu @ Ii)
]
]
]

[wt qu = 2gwq + g (wq ® Ik) + 2Fx2'(/}wq + Dew (T/}q & Ik) + quww
[const Ty = 9qq + Taa+gq + Lot g + Ta2tbyq + Taqtq
[wt—i—l & wy Fw—l—w = Fz-‘,—w (ww ® Ik)
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Collecting terms on individual coefficients will lead to linear equations for 1;; of the following
type:
Aij + By iC +D =0

where the dimensionality is as follows:

[wl‘l‘]nxn2

Anxn  Bnxn Cr2ynz  Dpxn?
[Vrwlpxnk + Anxn Bnxn  Cnkxnk  Dnxnk
[Vrgloxn @ Anxn Baxn Cnxn  Dnxn

A
A

[www]nXkZ nxn  Bnxn  Cr2xpz Dpxp2

nxn ann Ckxk ank

[wwq]nxk

The solution to this equation is
vee (i) = - [I® A+ C'® B]_l vec (D)

where [ is an identity matrix of the same size as C.
The coefficient on [z1;—1 ® x1;—1] determines 1,,. After substituting the I'. terms, we obtain

the equation

0 = (gx + gx+¢x) ¢xw + gw+¢xw (T/Jm ® T/Jm) + gr—a— + 29w—m (In ® Tpm) + (47)

The coefficient on [x1;—1 ® w;] determines 1),,,:
0= 2Px2¢xw + 2g:c—w + P:cw (1/}96 ® [k) + Fx—:c (In & ww) (48)

where we do not need to expand the I'. terms further, as they do not depend on ..

The coefficient on [w; ® w,] determines the term ty,,:

0= P:cﬂ/’ww + Guw + P:cw (ww & Ik) (49)

What remains to be determined are coefficients 1,4, ¥wq and 1y,,. These are more complicated,
as they are determined from equations for the coefficients on x1;_1, w; and the constant term, which
also depend on the second term in (46). We discuss this second term 2E; [My;4191¢+1] later, however
we note already now that the second term also depends on the second-order derivatives of the
continuation values. For now, we only compute the contribution of the first term, E} [Moz11692t41],
and reflect the fact that the contribution of the second term is missing by the symbol ~ in the
equations below.

Coefficients on [z1;—1] and [x14—1 ® wyy1] determine the contribution of the first term in (46)
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to determining ;4. The i-th equation in terms containing x1;—1 and x1;—1 ® w41 reads
F;_qﬂjlt—l + B} [Ty (101 @ wis1)]

Reorganizing the second term and stacking equation rows, we get

n

0~ Tyg+ [E; [w{tH] maty, p, (F;—Wr)]i:l
Only I';,—, depends on 1),,, we can therefore write it out to obtain

0 =~ 2Fm2¢mq + 2Fw2+¢wq7/)m + 29w—q + [29wq + Fw+q¢w + F:mc—l— (In X ¢q) + F:v:v (7/)q & In)] ¢:v +

n

0t (In ® ) + Do (I @ g) + [Ef [whyy] matyn (T )] (50)

The coefficients on [wy], [wy ® wis1] and (w1 ® wy] determine the contribution of the first term

in (46) to the determination of v,,,. The i-th equation for these terms reads
Ll gwe + Ef [Thy 1y (wisn @ w)] + Ef [Cwws (wy @ wigr)]
After reorganizing and stacking, we obtain

0~ Ly + [E@ [w£+1] (matm (Pjquw))/} -

i=1 i=1
Again, only the first term depends on 1)y,4, so that
0 = 2Fm2¢wq + 2gwq + Fm—i—w (T/Jq b2y Ik) + me (¢q & Ik) + qu¢w + (51)
~ . . n ~ . . n
B [win] (mates (D)) 4 (B Tuga] (matis (D))

Finally, the coefficients on [wyy1], [wer1 ® werq] and the constant term will determine the

contribution to t,:
0~ Ty + Tl o Bl (i) + Ty B} W11 ® wy1]
which after stacking yields
0~ Tyy + diag | Ty gy [wt+1]] + diag [Pw+w+I~Et [Wit1 ® wt+1]]
Again, 14, only shows up in the first term, so that

0 = (Fgc2+ + Fgc2) ¢qq + Gqq + (F:v—l-q + qu) ¢q + (52)
+diag |:Pw+th [wes1] + T+ Be (Wit @ wiga]| -
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Second term In order to compute 2E; [My44191¢+1], first observe that

git+1 = [(9w+¢x + gm) ¢x + gm—] Tii—1 + [(9w+¢x + gw) ¢w + gw] wy +
+ (gx+¢x + Got+ + g:c) wq + 94 + (g:c—l—ww + gw+) W1 =
= (gm—i-ww + gw—i—) W1 — diag ((9w+¢w + gw—i—) Et [wt—i-l])

where the terms drop out because of the relationships implied by (45).

From the solution for V, 41 in Appendix C.1, we obtain

Vi — EHVaa] = [2Vitew + Vi (Y0 ® )] [ﬂflt ® w1 — B [11: ® wt-i—l]} + (53)
+ [Vie (b @10)] |1 @ @20 = B [woe1 @ ]
+ [2V:ci¢wq + inx (Yw ® g + g ® Yu) + 2V;q¢w] [wt+1 - Ef’wm} +

+ [Vithww + Vi (b @ )] [wt—i—l @ w1 — B} (w1 ® wt+1]]

This term is the crucial component of the worst-case belief distortion M}, in (16). For the i-the

equation in 2E; [My;41914+1], we therefore have:
. 1 -. . . . n . .
28, Marngie] = 5B [(v;m — B Varn)) (wer — B [wesa]) } (9h 0+ ghy)’

Substituting in the expression for V3, ; — E} [Vag41], we need to compute the following terms:

E} |:(331t @ wip1 — B (11 @ wigq ) <wt+1 E}| wt—i—l])/- = 1 @I
EN; |:(wt+l & T1t — Et Wiy & Tt > <wt+1 Et wt-i—l])/ = I ®zy
E; [(wt—i—l Et’wt+1> <wt+1 E;| wt-l—l])/- = Ir
EN; |:<wt+1 X w1 — Et Wiyl @ Wiyl ) <wt+1 Et wt—i—l])/- = I1® EN; [wig1] + EN; [wiy1] ® I,
Thus

2, M gien]” = g [2Vibew + Vi, (0 @ v)] (210.© (gh 00 +602)')
g Vi (0w 90 (w00 + i) 0 001)
g Vit Vi (0 g 0 8 ) + 2V (6h b+ 1)’
g Vit + Vi (60 0)] ((6h 00+ 6i0s)' © B i)
g Vi + Vi G )] (B 1) © (g0 + 91))
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The bottom three lines contribute to the constant term in the set of equilibrium conditions,
which in turn determines v4,. The first two lines contribute through x1; = ¥, 211—1 + Yww + 1Y,

to the coefficients on x1;_1, wy and the constant. Rewrite the first two lines as

1 . . . .

_a (g;-ﬁpw + QZH_) maty , [2V$1/1xw + V:vlw (% & ww)] X1t
1 . . .

— 7 (o u + guy) (matn [Vig (Y @ )] ) 1

which we can use to define G%.x1; with

G — _% (ghtow + Gloy) [mathn 2V + Vi (0 @ )] + (maty e [V, (0 0 15,)]) |

Then the contribution of 2E; [My4419g1¢+1] to the individual terms in the set of equilibrium conditions
is

[xlt_l] . [G

[wy] [G

[const] : [G

>
~

| (st + ) (mtis [Vt + Vi (6 © )] B [wm]}

where the [ - ]I, operator indicates horizontal stacking of rows.

Computational strategy for the second derivative We now put the contribution of the

two terms in (46) together and device a strategy on how to co-determine v;; and Vzg

1. First compute ¥z, ¥ and . These are solely determined by the contribution of the
first term in (46), and do not depend on the second derivatives of V?. In order to do so, solve
equation (47), (48), and (49).

2. The term ,, is sufficient to determine V. using equation (42).

3. With V¢

s we can compute [GL] ?:1 in (54), and thus also:

® 1,4 by adding terms in (50) and [G;] ?:1 1, from (54);

® 1y, by adding terms in (51) and [Gé]:;l yy from (55).
4. Compute V., in (42).
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5. Now we can solve for 14, using terms in (52) and adding the constant vector consisting of

terms in (56).

This procedure completely determines all the belief distortions representing the worst-case

models and the second-order law of motion for the state vector.

C.3 Distorted dynamics

The approximation we use to construct the dynamics under the worst-case model assumes that
we replace M} ,1 with an approximation that replaces th+1 in the formula with its second-order

approximation and do not expand M; 1 further:

exp (‘9%- (Vi + %Vzitﬂ))

M~ M., =
t+1 o= "1 (v I
v lexp (—g (Vi + 2Vaii)

This expression is strictly positive and has a unitary mean, and it can therefore be used as a change

3 . 1 . . . 1 . . . .
of measure.” Also, since V{,,; is linear in w;11 and Vg, is quadratic, we can write it as

A . A . , A .
exp ((AB + A’1£E1t) Wiy + B (Wi ® wt—l—l))

~. A ! A,
E; [exp <(A6 + Allazlt) w1 + B (wi ® wt+1)>}

To derive A}, A} and B, use the solutions for V}, and V4, from Appendix C.1 and equation (53).

Ignoring terms that are in time-t¢ information set, we have

1 . 1_ . 1 , . 1 . )
~a <V1Zt+1 + §V2Zt+l> x—o [V:gl/fw + Vythwq + §V:Zx (Y @ g + Vg @ ) + Vﬁqu] Wit
1 / ) 1 ) ' 1 )
_a (xlt) matk,n waxw + §Vx:c (wx ® ww) + matn,k §Vx:c (ww ® %) We+1

1 . .
~5g Vitww + Vi (0w @ ¥0)] [wes1 @ win]

This immediately implies that

N 17 . 1., T

A6 = _a |:leww + Vzgwwq t §lem (ww ® wq + wq ® ww) + valqu:|

g 1 . 1. ' L, /
Ay = [<matk7n [V;%w + 5 Ve (Y0 @ %)D + maty, [QV;x (thw @ %)”
A 1 i i

B = _2_91' [Vm¢ww + me (T,Z)w ® T,Z)w)]

3Moreover, this expression corresponds to the first-order logarithmic expansion of M} 1, compensated
to make its mean equal to one. We choose this first-order expansion as an appropriate one here, since
the second-order term in the expansion of M/, ; does not contribute to the solution of the second-order
approximation of the model.
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Utilizing formula (33), we deduce that under the distorted measure **, the shock w41 is dis-
tributed as wy4q ~ N( ' A' /) where

&'t (6i), = (Ik — sym [matk k (ZEi)D_I (57)

o= 4t (Z) (AZ + A1x1t> = iy + Phz (58)

The approximate distortion M ¢, therefore induces a time-varying change in the drift of the
shock that is a linear function of the state vector x1;, and a constant adjustment in its volatility.

We can therefore write
~d ad af nd
Wi+1 = Ho + (1 T18 + 0 Wiy

where ! 41~ N (0,1;) under **, Under the distorted dynamics implied by **, the model behaves as

zor = ¥ (zor—1,0)
2 = (Yo + Y] Tre-1 + Yud 0+ Yuiih + g
ot = Paor-1 + [Yre + 2Waw (In @ 1) + Yuw (1 ® f1)] (211 @ 210-1) +
+ (2000 (In ®87) + Yuw (([fi) @6+ |0 ® (ﬂi).j]k ﬂ (2101 @ W) +
+ [20g + 20w (In ® i) + 2Pugith + Yunw () ® 1} + 1} ® f1))] 2101 +
+Hhuw (6° ®67) (@ ®wz) + [20ug0" + Y (1 @ 6"+ 6° @ )] i +
g + Yuww (fih ® i) + 20uqflh

i=1

D Static robust problems

The minimization problem (6) of the agent endowed with multiplier preferences leads to the first-
order condition
0=1logC+6(logM +1)+k

where & is the Lagrange multiplier on the constraint £ [M] = 1. Since E [M] = 1, the solution for

the worst-case distortion must necessarily be

exp (—4log C) < 1 9 1 >
— - - — —qoW 59
E [exp (—31log C)] PN 292 (90) 97 (59)

Substituting this worst-case distortion into the objective function then yields

umult —

1 1 11
mult _ = — g — = 2_ 2z 2
U = —0flog & [exp ( 7 log C’)} r=3 (qo) Y (qo)
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which is the same objective as that of the power utility agent, uP°", when 6 = (y — 1)_1. The two
preference structures are thus isomorphic.

For the constraint preferences (7), write the Langrangean
L™ = E[MlogC]+ 60 (E[Mlog M| —n) + k(E[M] —1)

where 6 is the endogenous Lagrange multiplier to be determined. The first-order condition implies

the same form (59) for the worst-case distortion. In order to determine 6, compute

_ _ L o) L_ v

which implies result (9).
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