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Abstract

In this paper, by using several statistical tools, we provide evidence of an increase in the
persistence of the process for total factor productivity in the U.S.. In a forward looking model,
the agents base their optimal behavior on the autocorrelation structure of the exogenous
shock. Since many monetary models are driven by exogenous TFP, we study the interaction
between monetary policy and TFP persistence. Considering a New-Keynesian model, first,
we derive analitically the interaction between TFP persistence, monetary policy parameters,
and output gap and inflation. Second, we show that TFP persistence affects the optimal

behavior of the monetary policy.
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1 Introduction

The rational expectation hypothesis is the key stone of the vast majority of recent macroeconomic
models. Agents’ prediction of future relevant state variables drives the optimal decision of their
economic behavior, given the forward-looking nature of these models. As a consequence, a change
in the autocorrelation structure of those state variables leads to different optimal choices and, as a
consequence, different equilibrium outcome. In this paper, we first document that the autocorrela-
tion structure of one of the main driving forces of up-to-date macroeconomic models, namely the
total factor productivity (TFP, henceforth), has changed throughout the last decades, and second,
by considering a fairly standard New-Keynesian model, we investigate the relationship between
the TFP autocorrelation structure and monetary policy.

Carefully identifying the statistical properties of the stochastic process that drive economic
models is a key step to link the theoretical model to the data. Intuitively, a successful model should
predict an equilibrium path for macroeconomic variables that resembles their data counterpart; this
ability depends also on the assumed specification of the exogenous processes driving the model.
Eventually, these exogenous processes might be associated with an observable time series. For
example, considering a neoclassical growth model driven by stochastic total factor productivity,
Solow (19XX) showed how to derive a time series for the empirical counterpart of TFP, the so-called
Solow residuals, by the assumed production function, and data on capital stock, and labor. During
the last two decades the large literature on Real Business Cycle models showed that models driven
by TFP whose statistical process was calibrated using the Solow residuals were able to match the
properties of the economic cycle.

However, the parameters describing the process of TFP might change throughout the years.
Many economists has intensively studied changes in the variance of the error terms of the exogenous
process. In fact, the literature on the Great Moderation, the terms describing the reduction of
the volatility of the macroeconomic variables after the early 1980s, has investigate whether a
reduction of the magnitude of the shock hitting the driving forces of the economy was the main
source of the moderation. This hypothesis, defined as the Good Luck hypothesis, was endorsed by
several authors, which by using statistical tools or by estimating rich macroeconomic models, found

support of a reduction of the variance of the exogenous process driving the models, in particular



of TFPs.

What are the consequences of a reduction of the variance of the shock for the equilibrium of a
rational expectations macroeconomic model? The policy functions that describe the relationship
between control variables and state variables of the model depend on the set of the parameters of the
model, including the variance of the shock. However, a common procedure to solve macroeconomic
models is to linearize the equilibrium conditions and to find a linear approximation of the true
policy functions. In this case, however, a change in the variance of the exogenous shocks does not
alter the relationship between control variable and state variable, since the magnitude of the shock
is only a scale-factor in a linearized equilibrium.

Whereas the interest on the Great Moderation has driven attention on analyzing the behavior
of the variance of the shocks, little focus has been concentrated on studying the dynamics of the
autocorrelation structure. In this paper we fill this gap by bringing evidence of an increase in
the persistence of the TFP. The reason to study at the evolution of the autocorrelation structure
of TFP relies on a recent study by Pancrazi (2011) that shows that the volatility dynamics of
macroeconomic variables are dissimilar when considering different set of frequencies. In particular,
the reduction of the volatility in the last three decades is particularly large at higher frequencies
and much milder, or even absent, at medium-frequencies. This observation is at odds with the
hypothesis that only a reduction of the magnitude of the shock drove the decline of the volatility of
macroeconomic variables, since, in this case, their volatility should have decreased proportionally
at all frequencies. The evidence brought by Pancrazi (2011) are consistent with an increased persis-
tence of macroeconomic variables. In fact, an increased persistence of a stochastic process implies
a redistribution of its variance from higher frequencies to lower frequencies, which is consistent
with the stylized facts mentioned above. Since the total factor productivity has been showed to be
one of the main driver of the economic cycle, we then investigate whether the increased persistence
of economic variables is inherited by a change in the autocorrelation structure of TFP. By using
a set of statistical tools, namely computing split sample statistics, rolling window estimates, re-
cursive estimates, and by fitting a time-varying-parameters-stochastic-volatilty model (TVP-SW,
henceforth), we provide evidence for an increased persistence of TFP. In particular, the statistical
tools confirm that the TFP persistence has increased from values around 0.6 to values around 0.85

in the last few decades.



Unlike changes in the variance of its innovation, changes in the autocorrelation structure of
an exogenous process have first-order effects on the equilibrium of rational expectations model.
Intuitively, a change in the persistence of an exogenous process affects the way agents compute
expectations of future values of the state. This is a natural consequence of the forward-looking
nature of the models. Moreover, the equilibrium outcome of the macroeconomic models are one of
the most important tools employed by policy maker to decide their policies. For example, in the
optimal monetary literature, the policy parameters chosen by the monetary authority are those
one that minimize a given loss function, taking into account that the loss function depends on the
equilibrium dynamics of the model, which depends on the policy parameters. It is obvious that if
the autocorrelation structure of the exogenous process affects the equilibrium, then it affects also
the optimal policy decisions. In this paper we also analyze in detail the interaction between the
autocorrelation structure of TFP, the monetary policy parameters, the equilibrium outcome of a
model, and optimal monetary policy.

In particular, first we consider a simple monetary model, where the monetary policy just chooses
the nominal interest rate as a function of inflation. In this setting, money are neutral, so that the
monetary authority does not affect the equilibrium dynamics of real variables, but only that one
of nominal variables, such as inflation. However, this model is useful to observe the interaction
between monetary policy parameters and the persistence of TFP. This interaction is generated
by the nature of the real interest rate, which in equilibrium is a function of the TFP persistence
given the forward looking nature of the model, by the assumed Taylor rule, where the nominal
interest rate is a function of inflation, and by the Fisherian equation, which relates the nominal
interest rate to the real interest rate and inflation. As a result, in equilibrium inflation is a non-
linear function of the policy parameters and the TFP persistence. In this model, if the monetary
authority responds more aggressively to inflation, the variance of inflation declines. However, the
effectiveness of the monetary policy, measured by the change in inflation variance for a marginal
change in the monetary policy parameters, is a non-linear function of the TFP persistence. We
can easily pin-down the value of the TFP persistence that maximizes the effectiveness for each
value of the monetary policy parameters.

Next, we study a more realistic model where money is non-neutral. We consider a fairly stan-

dard New-Keynesian model, where frictions on price settings and imperfect competitions generates



inflation dynamics. The monetary policy is assumed to follow a standard Taylor rule. We focus
on the equilibrium dynamics of two variables, output gap and inflation, since they are the two
welfare-relevant variables. Considering a first-order approximation, we analytically derive the in-
stantaneous response of these two variables to a technology shock. These responses are non-linear
functions of the TFP persistence and monetary policy parameters. In particular, an increase in
the response of inflation decreases the responses of both output gap and inflation to the shocks.
This is the well-known Taylor principle: when the monetary authority responds more strongly to
inflation, it guarantees that the real interest rate eventually rises with inflation. The increase in
the real interest rate creates a counter-effect to inflation, since a higher real interest rate causes a
fall in the output gap and in deviations of the marginal cost from the steady state. Moreover, we
show that this effect is dependent to the TFP persistence. In particular, when the persistence of
TFP is larger, its predictability increases, thus implying that the natural interest rate is closer to
its steady state value. When the natural interest rate is stable around its steady state value, the
output gap is affected by technology shock at a lower degree. However, the relationship between
inflation response to a technology shock and TFP persistence is non-monotone. In fact, for lower
values of the monetary policy response to inflation, an increase in TFP persistence implies a larger
effect of a technology shock on inflation, which, equivalently, implies a larger inflation variance.
Given the tractability of the model, we can analytically pin-down this interaction, as well as the
relationship between TFP persistence and monetary policy effectiveness.

A natural question to ask is whether more aggressiveness of monetary policy in the post 1980s
documented in the literature (Clarida, Gali and Gertler (2000), Cogley and Sargent (2001,2005),
and Boivin (2006)) is an optimal behavior given the increase in persistence of technology. To answer
this question, we study the optimal monetary policy both in the basic New-Keynesian model and
in the slightly modified model, as in Giannoni (2010). The basic New-Keynesian model is not
the ideal setup to study optimal monetary policy, since the monetary authority does not face a
trade-off between stabilizing inflation and output. However, by using this model we can investigate
the welfare implication in case when the monetary authority does not internalize the increase in
TFP persistence. We find that, everything else equal (monetary policy parameters included) an
increased persistence of TFP generates a larger welfare loss. However, by responding strongly to

inflation, monetary authority mitigates the negative welfare effect of the increased persistence.



Finally, we consider a model better suited for computing the optimal monetary policy, introducing
cost-push shocks, as in Gali (2008). We conclude that the optimal monetary policy implies a
stronger response to inflation, as well as output gap, as the persistence of technology rises. A
drawback of this procedure is that for high values of the persistence, this method does not produce
equilibrium since the determinacy condition is not satisfied for large values of the persistence, as
also showed by Giannoni (2010).

The structure of the paper is as follows. In Section 2, we provide evidence of the increased
TFP persistence. In Section 3, we explore the relationship between monetary policy, TFP persis-
tence and inflation dynamics using a simple monetary model. In Section 4, we establish the link
between the increased persistence of technology, monetary policy, and output-gap and inflation
dynamics. Finally, in Section 5 we study the optimal monetary policy decision as a function of

TFP persistence. Section 5 concludes.

2 Total Factor Productivity Persistence

The overall volatility of macroeconomic variables declined after the early 1980s. While this phe-
nomenon has been greatly investigated in the literature (see Giannone, Lenza and Reichlin (2008)
for the summary of the literature), the behavior of the volatility at different frequencies was ne-
glected. However, Pancrazi (2010a) investigates macroeconomic volatility dynamics of a large set of
macroeconomic variables at different interval of frequencies and shows that their higher-frequency
volatility has dropped significantly, but the volatility at medium frequencies! has remained roughly
constant. This redistribution of the variance towards lower frequencies can be interpreted as an
increase in the persistence of macroeconomic variables. As an illustrative exercise, by using simple
parametric models, we formally estimate an increase in the persistence of real per-capita output
and consumption in the U.S.. Output is measured as Gross Domestic Product, and consumption
is measured as non-durable consumption and services. As in Pancrazi (2010), we assume that the
stationary component of these variables, defined as the deviation from a non-linear trend?, follows

an AR(4) process. The rich autoregressive structure allows for a better characterization of the

'High frequencies are defined as variations from 6 to 32 quarters, whereas medium frequencies capture variations
between 32 and 80 quarters.
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spectral density. We then estimate the persistence of the process by computing the largest root
of the lag polynomial. Table 1 displays the point estimates of the largest root of the forth order
lag polynomial and the standard deviation of its innovation, for output and consumption, before
(Sample 1 from 1950:1 to 1982:4) and after (Sample 2 from 1983:1 to 2009:4) the early 1980s>.
The estimates confirm an increased persistence of the two variables during the last three decades
and a reduction of the variance of the error terms.

A branch of the macroeconomic literature on time-varying volatility of the economic cycle has
explained the reduction in the higher-frequency variance with a structural change of the magnitude
of the shocks. For example, Stock and Watson (2002, 2003), Ahmed, Levin and Wilson (2004),
Primiceri (2005), Gali and Gambetti (2009), Liu, Waggoner and Zha (2009) shows that the stan-
dard deviation of the innovation of the shocks that drive macroeconomic dynamics shrank after the
mid-80s, thus providing support for the Good luck hypothesis to explain Great Moderation. How-
ever, this hypothesis fails to explain the different dynamics of the volatility at different frequencies.
In fact, a change of the magnitude of the innovation of a process implies a proportional shift of the
spectral density at all frequencies, which is at odd with the stylized presented above. Therefore,
in this section we investigate the dynamics of the autocorrelation structure of the shocks, namely

productivity shocks, as a possible driver of this increased persistence of macroeconomic variables.

2.1 The Increased Persistence of Total Factor Productivity

Since the beginning of the real business cycle analysis, macroeconomists have recognized the im-
portance of the TFP as one the main driving forces of the dynamics of macroeconomic variables
(see for example Kydland and Prescott (1982, 1991), Long and Plosser (1983), Prescott(1986),
King, Plosser and Rebelo (1988), Cogley and Nason (1995)). The contribution of technology to
capturing the movements and comovements among economic variables is large even when we al-
low for additional exogenous disturbances, as predicted by medium-scale DSGE models (Smets
and Wouters (2007)). As a consequence, the literature on macroeconomic volatility dynamics has

focused on exogenous disturbances, TFP in particular, and its role in explaining a change in the

3The choice of 1983 as the break date is in line with the estimate of the break in Stock and Watson (2002). In
addition, Boivin and Giannoni (2006) use 1979:IIT as a break date, but they show that their results are robust to
different break dates, such as 1984:1, a date consistent with some estimates of the date of change in the volatility
of the U.S. economy.



volatility dynamics. In fact, one branch of the literature suggests that the decrease of the variance
of the technology shock accounts for a large fraction of the total decline of the volatility of macro-
economic variables (Stock and Watson (2002, 2003), Ahmed, Levin and Wilson (2004), Primiceri
(2005), Gali and Gambetti (2009), Liu, Waggoner and Zha (2009)). Given these considerations,
it is natural to use a similar approach to study whether a change of the autocorrelation structure
of TFP can explain the additional dimensions of the volatility dynamics presented in the previous
section, namely the increased persistence of real variables and the uneven decline of the volatility
at different frequencies.

In order to study whether the technology process has changed, we obtain an estimate of the

TFP. Our definition of TFP accounts for a time-varying capacity utilization by constructing a

measure of TFP as:

This measure is consistent with the measure used in the medium-scale DSGE models, largely used
in the recent macroeconomic literature. Greenwood, Hercowitz and Huffman (1988), Burnside and
Eichenbaum (1996), Basu and Kimpball (1997), Altig, Christiano, Eichenbaum and Lindé (2005),
among others, point out that accounting for a time-varying capacity utilization is important for
obtaining a stronger propagation of the series in response to the shocks.

We set the labor share, 1 — «, equal to 0.64, which is obtained as the average value of the labor
share series recovered from the Bureau of Labor Statistics (BLS). From the same source we recover
annual data on capital services, K;. We interpolate the capital services series to obtain quarterly
series, assuming constant growth within the quarters of the same year. Non-farm business measures
of hours, H;, and output, Y;, are also retrieved from the BLS. The series of capacity utilization,
Uy, is retrieved from the Federal Reserve Board. and is based on the manufacturing data.

We document the increase in the persistence of TFP using several techniques: split sample sta-
tistics, rolling windows statistics, recursive estimate statistics and finally time-varying parameters
estimation. The explanation of the techniques and the results regarding the persistence of TFP

are described in detail below.



2.2 Split Sample Statistics

As a first exercise we study the behavior of the persistence of TFP in two subsamplea, before and
during the Great Moderation. However, there is no particular reason to assume that a change in the
autocorrelation structure of productivity took place in the early eighties, when many macroecono-
mists have dated a break in the variance of shock. We use this assumption only for convenience
and it will be relaxed in the following exercises. We assume that the stationary component of
the total factor productivity, TFP,, obtained by eliminating a non-linear trend* and displayed in

Figure 1, follows a first order-autoregressive process, i.e.:

TFP, = pTFP,_ 1+ 0.5, & < N(0,1). (2)

Table 2 shows the estimates of p, the largest and unique root of the lag polynomial, and of o,
the standard deviation of the innovation, in the two subsamples. The top panel of the table shows
two important findings. First, the variance of the innovation of technology has largely decreased
in the last thirty years. Second, the persistence of the TFP has increased instead. These results
hold also in the case we consider a constant capacity utilization, i.e. U; = 1.

In order to check the robustness of these results to different specifications of the statistical
model, we then assume that the stationary component of the TFP follows a richer autoregressive
process, an AR(4). The bottom panel of the Table 4 shows that, in this case, the increase of persis-
tence is even more pronounced, and the decline in the variance of the error term is quantitatively
comparable to the one estimated for the AR(1) process. As a result, the TFP is showed to exhibit
dynamics similar to the one of the real variables: the increase in persistence shifts the volatility of
TFP from higher to lower frequencies, thus implying an uneven reduction of the volatility across
frequencies. These dynamics can be clearly visualized by plotting the log-spectrum of the TFP
processes estimated before and after the early 1980s. Figure 2 displays the log-density resulting
from the estimated AR(4) processes of TFP in the two subsamples. Recall that the variance at-
tributable to a particular interval of frequencies corresponds to the area below the spectrum in
that interval. We can notice that the higher frequency volatility of TFP declined in the second

subsample. However, the reduction is smaller when lower frequencies are considered. This effect

4To eliminate a non-linear trend, we isolate the fluctuations with periodicity between 2 and 100 quarters.



is driven by the higher persistence of the process in the second subsample, as visualized by the
shift of density towards lower frequencies in the second subsample. In order to highlight the larger
relative importance of the lower frequencies in explaining the volatility of TFP in the second sub-
sample, Figure 3 plots the normalized-spectrum of the estimated AR(4) process for the TFP in
the two subsamples. The area below the normalized spectrum in a given interval of frequencies
is equivalent to the fraction of the variance attributable to those frequencies. It is evident that a
portion of the total variance captured by the lower frequencies is much larger in the second than

in the first subsample.

2.3 Rolling Windows Estimates

As mentioned early, there is no particular reason to date a possible increase of the persistence
of TFP in the early eighties. Therefore, we now analyze the TFP-persistence dynamics with no
references to a particularly date. Assuming that the stationary component TF P, follows a first
order autoregressive process as in (2), we can visualize the evolution of the persistence of TFP

over time by constructing a rolling window estimates as follows:

py=p ({TFP};:t_k> fort =k +1,..,T,

where p, (x;) indicates the point estimate of the first order autoregressive parameter for the time
series x;, k indicates the length of the window, T is the length of the time series, and {xt}if
represents the subset of observations of the time series x; between the periods t; and t5. Accordingly,
p, is the value of the persistence of TFP when k observations of the series TF P, prior to time ¢
are considered. Analogously, we compute the rolling windows estimate of the standard deviation

of the innovations, as:
. . —
bev =0 ({TFPY,_, ) fort=k+1,..T,

where 6., (2;) indicates the point estimate of the standard deviation of the error term when z;
follows a first order autoregressive process.
Figure 4 plots the rolling window estimates of p, (solid line, left axes) and of 6., (dashed line,

right axes). We observe that the persistence of TFP has gradually increased throughout the sample.
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On the other hand, the standard deviation of the innovations has declined, which is consistent with
the change of the volatility dynamics described in the previous section. Interestingly, the increasing
in persistence seems to match the timing of the declining of the variance of the shocks.

In order to assess whether our findings depend on the assumed statistical process, we compute
similar rolling windows statistics by estimating sequences of forth-order autoregressive process. In
this case, a measure of persistence is given by the largest root of the forth order lag polynomial.
We still observe a noticeable increase in the TFP persistence. Therefore, this outcome is not an

artifact of the assumed stochastic process.

2.4 Recursive Estimate Statistics

In the recursive least squares we repeatedly estimate the statistical model in (2), using a larger
subset of the sample data of TFP for each repetition. For example, the first estimate ﬁfE is
obtained by using the first k¥ =16 observations of TFP,. Then the next observation is added to
the data set and k& + 1 observations are used to compute the second estimate ﬁfE . This process
is repeated until all the 7' sample points have been used, yielding 7' — k + 1 estimates of the p™¥.
Figure 5 plots the recursive estimate p/*”. Since the number of observations used to obtain initial
estimates f)f”E is relatively small, the estimates might be imprecise, we cut the first twenty years
of estimates and report, thus, the estimates starting from 1970, which is the starting date of the
rolling-window statistics as well. Also this method suggests that the persistence of technology has
increased in the second part of the sample.

Furthermore, at each step the last estimate of pF can be used to predict the next value of
the dependent variable. The one-step-ahead forecast error resulting from this prediction, suitably
scaled, is defined as a recursive residual. To test whether the value of the dependent variable at
time t might have been generated from the model fitted to all the data up to that point, each
error can be compared with its standard deviation from the full sample. In Figure 6 we plot the
recursive residuals and standard errors together with the sample points whose probability value
is at or below 15 percent. Residuals outside the standard error bands suggest instability in the
parameters of the equation. Figure 7 shows that there are several periods in the middle of the
sample in which it is likely that a break in the autoregressive parameter in (2) occurred.

Finally, we use a CUSUM of squares test (Brown, Durbin, and Evans, 1975) . The expected
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value of this statistics under the hypothesis of parameter constancy is a straight line that goes from
zero at t = k, to unity at ¢t = T. A significant departure of the test statistics from its expected
value is assessed by reference to a pair of parallel straight lines around the expected value. °.
Figure 8 displays the CUSUM of squares test against ¢t and the pair of 5 percent critical lines.
Since the CUSUM test moves outside the band approximately in the middle part of the sample,

the diagnostic suggests the presence of a change in the autocorrelation structure of TFP.

2.5 Time-Varying Parameters Estimation

The statistical analysis presented in this section suggests a slow change in the persistence of TFP.
It is then natural to estimate a time-varying parameter model for TFP. In addition, since Figures
4 and 5 suggest a decline of the variance of the error term in the regression, we include stochastic
volatility in the model (TVP-SV) as well. In particular, we assume that the model is given by the

following equations:

TFP, = ptWt_l + & g ~N (0, atz)
Pry1 = O+ Uy uy ~ N (O, ai)
of = yexp(h)
hiyi = ¢hy+mn, n,~N(0,07).

We follow Nakajima’s (2011) Markov Chain Monte Carlo approach to estimate the parameters of
the model. Appendix A reports the technical detail of the estimation procedure, as well as the
outcome of the MCMC estimation.

Figure 9 and Figure 10 show that also a TVP-SV model estimate the increased persistence of

TFP as well a decline of the variance of its innovations.

3 A Simple Monetary Model and TFP persistence

The persistence of the exogenous shocks has a crucial role in defining the equilibrium dynamics

of the macroeconomic variables in general equilibrium models. In fact, since these models are in

5See Brown, Durbin, and Evans (1975) or Johnston and DiNardo (1997, Table D.8)
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general forward looking, the ability of the agents to forecast the future values of the exogenous
variables affects their contemporaneous decisions. In general, the equilibrium dynamics of the

model can be represented by the policy functions:

b =g (1715; O, (I))

Tipr = h (ft; O, (b)

where, y; denotes the vector of control variables of the model, z; denotes the vector of state
variables, © is the set of structural parameters of the model, and ® is the set of parameters
describing the stochastic processes of the exogenous variables. It is evident that a change in the
persistence of an exogenous process, affects the equilibrium dynamics of the model.

Since the true policy functions A (+;-) and ¢ (-;-) are usually hard to compute analytically, a
linear approximation of the two functions is often a convenient way to represent the dynamics of

the model. In this case, we have:

12
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where now § and £ are reduced form parameters that depend both on the structural parameters
of the model, ©, and the set of parameters o that describe the autocorrelation structure of the
exogenous processes. It is important to notice that parameters that affect the variance of the
exogenous processes but not their autocorrelation structure (for example the variance of the in-
novation of the process) do not have any impact on the equilibrium dynamics of the model. This
is a trivial consequence of the first-order approximation. On the other hand, a change in the
autoregressive component of the exogenous shocks, which is contained in the p, alters the reduced
form parameters § and h, thus affecting the equilibrium path of the control variables.

In the previous section, we provided evidence of a change of the autoregressive coefficient of the
total factor productivity, which is an important exogenous driving force of a large family of macro-
economic models, and, in particular, of monetary models. Since monetary authorities construct

their policy based on the equilibrium dynamics of the economy, understanding the interaction be-
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tween monetary tools and a change in the persistence of TFP is an important question to address.

We will make use of standard monetary models to illustrate this relationship.

3.1 A Simple Monetary Model (Neutrality of Money)

In order to study the interaction between the persistence of total factor productivity and monetary
policy, we first consider a very simple stylized model of classical monetary economy. Since the
model is standard (see Gali, p.16) we present the formal equations in Appendix B and here we
only describe its key features. The representative agent maximizes the lifetime utility function.
The instantaneous utility function depends upon consumption and leisure. The agent can trade
one-period nominally risk-less bonds. A representative firm produces output by employing labor.
The productivity of labor evolves exogenously according to a first order autoregressive process.
The model features perfect competition and fully flexible prices in all markets. In addiction,
the monetary authority follows an inflation-based interest rate rule. As a consequence of these
assumptions, the real variables are determined independently of monetary policy. However, in this
section we are interested in the dynamics of inflation, which will depend on the interaction between
the monetary policy and the statistical properties of the technology shock.

The central bank adjusts the nominal interest rate, #;, according to:

it =p + ¢7T7Tt (3)

where m; denotes inflation, with p = — log () being the steady state value of the real interest rate,

and with ¢, > 0. 3 is the discount factor. Given the Fisherian equation:
iy = Eymopn + 1y,

where r; is the real interest rate, E; indicates the expectations operator conditional to the infor-
mation available at time ¢, and assuming that ¢, > 1, we can compute the stationary solution for

inflation:

Ty = Z ¢;(k+1)Et72t+ka (4)

k=0

where 7, = r; — p.
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In equilibrium the real interest rate is given by:

re=p+ ok {Aa't-H} (5)

where ¢ = = Lo o is the inverse of intertemporal elasticity of substitution, 1 — « is the

o(1—a)reta’
labor share in the Cobb-Douglas production function, and ¢ is the inverse of the Frisch elasticity
of labor supply. Assuming that the technology a; evolves as a first order autoregressive stochastic
process:

Ayl = Polt + OaEtr (6)

then, inflation dynamics in equilibrium is given by:

Ty = (SaOét.
with
1—
6a:—0-/l/}( pa>' (7)
¢7r — Pa
It follows that the variance of inflation, o2, is given by:
2
e 53—0‘1 8
-7 ®

The two equations above display two important implications. First, as well known in monetary
economics, the monetary policy can alter the volatility of inflation by increasing the monetary
policy parameter ¢,. Second, as previously described, the autocorrelation structure of the exoge-
nous process, driven by p,, alters the equilibrium dynamics of inflation and its variance. In fact,
the reduced form parameter J,, which measures the instantaneous effect of a technology shock
on inflation, is a non-linear function of p,. These two features imply that the effectiveness of the
monetary authority in smoothing out the variance of inflation is a function of the persistence of
technology, p,. Since in the previous section we have showed that the persistence of the TFP has
actually changed throughout the sample, it is interesting to study how the effectiveness of the
monetary policy varies with p,

In order to graphically illustrate the connection between these two parameters, we first assign

15



some values to the parameters of the model, using a standard calibration. In particular, following
Galf (2008), we set 3 =0.99, 0 =1, ¢ =1, & = 5, 0, = 1. Figure 11 and Figure 12 display this
interaction. In Figure 11 the z-axes reports the instantaneous response of inflation to a technology
shock, d,. The plot shows two relevant features. First, for any value of p,, by responding more
aggressively to inflation (higher ¢, ) monetary policy can lower the effect of a technology shock
on inflation. This, once again, is a well known result in monetary economics and comes directly
from (7). Second, the magnitude of this effect drastically depends on the persistence of technology,
p,. For example, fixing ¢, close to 1.1, the lower value on the x-axis, a marginal change of the
monetary policy parameter has the largest effect on J, when p, takes values around 0.9 and
smallest when p, takes values at the extremes (0.99 and 0.5). This insight is confirmed when we
plot the variance of inflation in Figure 12. The non-monotone shape of the surface is due to the
interactions between the reduced form parameter d, and the unconditional variance of technology
(1{—‘;3), when p, varies. Interestingly, there is a value of the TFP persistence that maximizes the
variance, when the monetary policy parameter is particularly low. Moreover, the stabilizing effect
of a small change of ¢_ largely varies in the space (p,, ¢,.). Therefore, by using a very simple model,
we showed that the variance of inflation, and the effectiveness of a given change of the monetary
policy parameters varies non-linearly with the autocorrelation structure of the exogenous shock.

We can analytically investigate the properties of the relationship between the instantaneous
response of inflation to a technology shock, d,, the monetary policy parameter, ¢_, and the persis-
tence of TFP, p,, by studying how the variance of inflation and the effectiveness of the monetary
policy, measured by the derivative of §, with respect to monetary policy parameter ¢, , varies with
Pa.

Figure 12 shows that the relationship between variance of inflation, TFP persistence and mone-
tary policy parameters is non-monotone for low values of ¢,.. The tractability of this simple model
allows us to compute analytically the value of p, that maximizes the inflation variance, for any ¢_,

as showed in the following Theorem.

Theorem 1 Consider a monetary policy model characterized by the inflation dynamics in (4),
by the monetary policy rule in (3), the equilibrium interest rate as in (5), and by the stochastic
process for the total factor productivity as in (6) . Then, when ¢ is particularly low, i.e. ¢, < %, the

variance of inflation is non-monotone in p, and the value of technology persistence that maximizes
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the variance of inflation in (8) is given by:

. 1+./5—4¢,

ph= )

See Appendix C for the proof.

Next, we compute the level of p, for which the effectiveness of monetary policy is maximized.
We defined the effectiveness of the monetary policy as the effect of a marginal change in the
monetary policy parameter ¢, on the instantaneous response of inflation to a technology shock,

captured by d,. From (7), we obtain:

85(1 _ 0¢ (1 _ pa) ) (10)

agbﬂ' (¢7r - pa)2

Figure 13 plots how this effect varies with the current level of ¢ and the persistence of TFP, p,,.
It is evident that a marginal increase in the monetary policy parameter has larger effect when ¢,
is small (close to one) and when p, assumes values around 0.9. When p, is very close to unity,
the monetary policy does not have much effect on the overall variance of inflation. The reason
is that in this model inflation is a consequence of the departure of the real interest rate from
its steady state value. When the persistence of TFP approaches one, the interest rate is always
close to its steady state value and therefore the inflation is particularly small. As an obvious
consequence, the monetary policy has no effect on the variance of inflation. Another interesting
feature illustrated by the function in (7), is the non-linearity of the monetary policy effect on 4,
for different values of TFP persistence. This non-linearity is due to the term in the denominator
(¢, — p,), which results from the assumed Taylor rule and the law of motion of the exogenous
process. This term highlights the deep interaction between the autocorrelation structure of TFP
and the effectiveness of monetary policy. Finally, an additional implication of Figure 13, is that
the role of the persistence p, on % diminishes when ¢, is larger.

Using this illustrative model, it is trivial to derive the value of p, for which the effect of monetary

9284
0¢rPq

and solve for p,. We obtain that the value of the persistence of technology, p: which maximizes

policy on the response ¢, is maximized. To do that, we simply take the second derivative
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the effect of the monetary policy is simply:

Theorem 2 Consider a monetary policy model characterized by the inflation dynamics in (4),
by the monetary policy rule in (3), the equilibrium interest rate as in (5), and by the stochastic
process for the total factor productivity as in (6). Then the level of persistence of technology for
which the effect of a change in the monetary policy parameter on the instantaneous response of

inflation to a technology shock, gg“, with 6, defined in (7), is maximized is given by:

Pp=2— ¢, (11)

See Appendix C for the proof.

In summary, this trivial model clearly illustrates the relationship between monetary policy
parameters, technology persistence, and their effect on inflation. Next, we will study the same
relationship in a model in which money is not anymore neutral, so that real variables will depend

on monetary policy parameters as well.

4 A Neo-Keynesian Model and TFP Persistence

In the simple model presented above, the monetary policy can control only the volatility of inflation,
since the neutrality of nominal variables implies that the real block of the model is independent
from any monetary policy. However, with fairly common assumptions, it is possible to set up an
environment in which the monetary policy affects real variables as well. In this section we consider
a fairly simple New-Keynesian model as in Gali (2008). In this setting, the monetary authority can
use its policy to affect both inflation and real variables, through the output gap. In what follows
we explore how the interaction between monetary policy and TFP persistence affects inflation and

output gap, which turn out to be the welfare-relevant variables.
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4.1 Equilibrium

The model is characterized by two rigidities. First, the perfect competition assumption is aban-
doned by assuming that each firm produces a differentiated good and sets its price. Therefore,
households must decide how to allocate its consumption expenditures among the differentiated
goods in addition to making the usual consumption/savings and labor supply decision. Second,
firms set their prices a l4 Calvo (1983) and Yun (1996), i.e. in any given period, only a fraction
of randomly picked firms is allowed to reset their prices. These assumptions imply that monetary
variables are not neutral, since they affect the equilibrium path of real variables. As a consequence,
we can also study how the interaction between monetary policy and TFP persistence affects the
real block of the model. Since the model is fairly standard, we present only its equilibrium condi-
tions. A complete representation of the model is provided in Appendix B. The non-policy block

of the model is composed of the New Keynesian Phillips Curve:
T = BETi + K, (12)

and the dynamic IS equation, given by

. 1. n .
ge=— (i — Eymopr — 1) + By (Jig1) - (13)

Here, F; denotes expectation conditional on the information at time ¢, m; denotes the inflation
rate at time ¢, i; is the nominal interest rate at time ¢, r}’ is the natural real interest rate, g is the
output gap defined as the deviation of output from its flexible price counterpart, 3 is the discount
factor, k = A (o + s;_Lz) with A = %, o is the inverse of intertemporal elasticity of
substitution, 1 — « is the labor share in the production function, ¢ is the inverse of the Frisch
elasticity of labor supply, € is the price stickiness parameter, and ¢ is the elasticity of substitution
among the differentiated goods. The dynamics of the model are governed by two exogenous

processes. First, the level of technology, which we denote as a;, follows a first order autoregressive,

AR (1), process®:

6The technology affects the logarithm of output: y; = a; + (1 — «)n; , where n; is the logarithm of hours of
work.
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ay = paai—1 + 04e¢, where ef ~ N (0,1). (14)

Second, the monetary policy shock, denoted as v;, follows a similar first order autoregressive
process:

vy = p,Ui—1 + 0ue;, where g ~ N (0,1). (15)

The monetary policy shock is considered to be the exogenous component of the nominal interest

rate rule:

it = p+ QT+ Oy + Uy (16)

where 7; is the nominal interest rate at time ¢, and p is the household’s discount rate, with p =
—log (B).
Up to a first-order approximation, the output gap can be written as the following function of

the two exogenous processes:

?]t - A”U (¢wa ¢y7pv7 @) Vg + Aa (gbﬂ'?qby’pa’ @) At (17)

where A, and A, are functions of the Taylor rule parameters (gzﬁﬂ, gby) , the persistence parameters
of the exogenous processes (p, or p, ), and all the other structural parameters of the model gathered

in the vector ©. In particular, by using the methods of undetermined coefficients, we can compute

the reduced form parameters A, (¢7r, Gy Pus @) and A, ((bﬂ, Py Pas @) :

L (1 - Bp,)
Ao (0n:00000) =~ A= p) 6] o= 1) (18)

o o(1—p,)(1—=pp,)
Aa (¢w7¢y7pa7 @) w(l — 5pa) (0’ (1 — pa) + ¢y) + 5(¢7r - pa>’

(19)

where ¢ = 0(171;% and k is defined as above. Notice that these expressions imply that the

relationship between the persistence of the exogenous shocks and the level of output gap is non-
linear in the monetary policy parameters.

Assuming that € and €} are independent, it is trivial to obtain the variance of output gap:

2 0.2

Uv 2 pt
1— p% + [ACL (¢7r7¢y7)0a7 @)] 1— pg (20)

Var (yt) = [Av (¢7r7¢y710v7 @)}2
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We can compute the equilibrium equation also for inflation, which is:

T = A] (¢, Dy 00 ©) 01 + AL (01, By 00, ©) (21)
with
AT o) — — n 22
v<¢7r7¢y7pv7 ) (1_6&,)(U(l_PU)‘I‘QSy)“‘/‘f(QSW—PU) ( )
T _ g (1 B pa) K
K (fr 000 €) = 0 <<1 " B00) (7 (L= pa) + 6) + (6, — pa>> @

4.2 The effects of the Monetary Policy

The basic New-Keynesian model has been a workhorse model for studying monetary policy. In
fact, a lot of attention in the last decade has been devoted to understanding the stabilizing effects
of the monetary authority on macroeconomic variables. When the monetary authority responds
more strongly to inflation (higher ¢_), it guarantees that the real interest rate eventually rises with
inflation. The increase in the real interest rate creates a counter-effect to inflation, since a higher
real interest rate causes a fall in the output gap and in deviations of the marginal cost from the
steady state. This is the well known intuition behind the Taylor Principle. Therefore, an increase
in ¢, diminishes the exposure of output gap and inflation to monetary shocks, since they are
smoothed out by the “lean-against-the-wind” strategy adopted by the monetary authority. This
intuition explains why an increase of ¢, lowers both A, (gbﬂ, Gy Pus @) and A7 (qzﬁﬂ, By Pos @). In
other words, a more aggressive monetary policy reduces the impact of monetary shocks both on
inflation and on output gap.

However, an increase of ¢, has also a secondary effect, which has drawn much less attention
in the literature. In fact, as displayed in equations (17), and (21) ,the reduced form parameters
A, (¢7r, Pys P @) and A7 (gb,r, Gy P @) also depend on the monetary policy parameters. Therefore,
a change in the monetary policy also leads to different responses of output gap and inflation to
technology shocks. In particular, the effects of a change in the Taylor rule parameter ¢, on the

reduced form parameters A, and A7 are given by:
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0 Aa <¢7r7 ¢y7 Pa> ®) "WJU (1 — pa) (1 B Bpa)

— 24
0 ¢n (1= Bp,) (0 (1= p) + &) + (6, = p,)]° ()

0 Ag (¢7r7 ¢y7 Pa> G)) _ ’%QO-w(l - pa) ) (25)
0 0, (1= 8p.) (0 (1= pa) + ) + 5(6, — p,)]°

Notice that both derivatives are positive. Since A7 (gbﬂ, Py Pas @) and A7 (qﬁﬂ, Py Pas @) are
negative, a more aggressive monetary policy reduces the instantaneous response of inflation and
output gap to a technology shock. This effect goes in the same direction as the Taylor-principle
effects, which reduces the variance of inflation by eliminating both the technology-shock and the
monetary-shock effect. Moreover, the effects of monetary policy on the instantaneous responses of
output gap and inflation to a technology shock are also affected by the TFP persistence. We will

explore this interaction in the next subsection.

4.3 TFP persistence and Monetary Policy

In order to illustrate the relationship between monetary policy, technology persistence and instan-
taneous responses of inflation and output gap to a technology shock, we first use a fairly standard
calibration of the neo-Keynesian model. We calibrate preference and technology parameters fol-
lowing Gali’s baseline calibration: =0.99, 0 =1, « = 1/3, ¢ = 6, and 0 = 2/3. We assume that
the output-gap parameter of the Taylor rule is equal to ¢, = 0.125. We then plot the values of the
instantaneous responses A, ((bm Pys P @) and A7 ((bﬂ, Bys P @) , as a function of the monetary
policy response to inflation, with ¢ € [1.1,2] and the persistence of TFP, with p, € [0.5,0.99] .
Figure 14 plots the instantaneous response of output gap to a technology shock, A, (gb,,, By Py @) .
Two effects are evident from the figure. First, fixing p,, the instantaneous response of output gap
is an increasing function of the inflation-Taylor rule parameter ¢,_. Similarly, fixing ¢,, the in-
stantaneous response of output is an increasing function of the TFP persistence p,. This results
is general and does not depend on particular values of the structural parameters, but only on the

conventional restrictions on their values, as proved in the following Theorem.

Theorem 3 Consider the instantaneous response of inflation to a technology shock in the New-

Keynesian model presented above, as in (3). Assume that p, € (=1,1) , 3 <1, ¢, >0, 0 < 1,
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a<l,o>0,e>0, (>0, and ¢, > 1. Then

a Aa (¢7T7¢y?pa7@)
9 ¢,

>0 (26)

and
0 Ao (0rs Bys Pas ©)
0 pq

>0 (27)
for any structural parameter vector ©.

See Appendix B for the proof. We now study the instantaneous response of inflation to a
technology shocks, A7 (gbw, Gy Pos @) , plotted in Figure 15. The figure shows that whereas an
increase in the monetary policy parameters ¢, always decreases in absolute value the response of
output gap due to the partial derivative in(26) being always negative, the effect of a change in
the TFP persistence on A7 (qﬁm Py Pos @) is non-monotone, as it was for the output-gap response.
In fact, when ¢, is particularly low, higher TFP persistence first increases the magnitude of the
inflation-response to a technology shock and then it decreases it. This feature is important for
the monetary policy authority: assume that the monetary authority measures welfare as a linear
combination of inflation variance and output gap variance (as rationalized in the next session).
An increase in the persistence of TFP has two opposite effect: it lowers the output gap variance
(welfare improving) and it increases the inflation variance (welfare decreasing).

As in case of the simpler model, we can compute the value of TFP persistence for which the
instantaneous response of inflation to a technology shock is maximized, as stated in the following

Theorem.

Theorem 4 Consider the instantaneous response of output to a technology shock in the New-
Keynesian model presented above, as in (23). Assume that the structural parameters satisfy the
restriction of Theorem?? (the previous one). Then there exists a value pT* that mazimizes instan-

taneous response \Ag (qbﬂ, Py Pas @)| . This value 1s:

VB (6, — K+ K, — Bo,)
1—
Bo

T
pa -

for any structural parameter vector ©.
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See Appendix C for the proof.

Figure 16 displays the TFP persistence p]* that maximizes the instantaneous impact A7, (gbﬂ, Gy Pas @)
as a function of ¢,

An additional feature of the model is that the effectiveness of monetary policy, defined as the
effect of a marginal change in ¢, in the instantaneous response of a variable to a technology shock,
also varies with p,, as showed by equations (24), and (25). Figure 17 and Figure 18 display the
proposed measure of effectiveness for output gap and inflation respectively. That is visible by
observing how much the response in the z-axes are effected by a given change in the parameter ¢_,
for different values of p,.

In order to observe the different magnitude of the effects of monetary policy, we plot the two
derivatives (24), and (25) as functions of p, and ¢,, in Figures 17 and 18 respectively. The
figures show what is the effect of a marginal change of the monetary policy parameter ¢, on
A, (qu Py Pas @) and A7 (gzﬁm(by, Pys @) . Hence, a large value in the z-axes means that the in-
stantaneous responses are particularly sensitive to small changes in the monetary policy for the
corresponding values of ¢, and p,.

These figures show that effectiveness of the monetary policy is particularly sensitive to the per-
sistence of technology when the inflation-Taylor rule coefficient is particularly low. However, this
relationship is non-monotone, since there exist values of persistence that maximize the effectiveness

for a given value of ¢,. The next Theorem pins down these values.

Theorem 5 Consider effectiveness of the monetary policy on the instantaneous response of output

gap and inflation to a technology shock, as defined in (24) and (25). Assume that the structural

parameters satisfy the restrictions of Theorem?? (the previous one). Then there exist values pi 1@

and pi I™) that mazimize respectively the effectiveness W and %ﬁy’p“’e). For any
structural parameter vector ©, these values are:
2
[2(3) 3 (14iv3) 820 (—2r+26 (b —r+20 50 ) +o+52 (~20, +0) )]

21 +2i(3)7 (i +/3) T
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f () V1280 (&, — 266, — 26+ doi — 0 — 260) + (B, + K+ + fo)’
’ - 660' )

(29)

with

Wl

—956%02 —9p* (¢, — 2r) 0® — 94° (20, — k) 0 — 95° ko4
T= _ 4 2
V3 | 5% 27(=1+8)" (B¢, +r) 0 3
(—2/<a + 25 (gby — K+ 20,k — 0) +o0+ (2 (—2¢y + cr))

and where i indicates the unit imaginary number.

The equations (28) and (29) can be used to derive the level of TFP persistence for which a
marginal change in the monetary policy parameter, ¢, affects the output gap and inflation response
to a technology shock the most, given the structural parameters. Figure 19 plots pi 1@ (dashed
line) and p&/"™ (solid line), for different values of ¢..

5 Optimal Monetary Policy and TFP persistence

In the previous section, we documented that the persistence of technology plays a key role in
shaping the instantaneous response of output gap and inflation to the technology shock. Although
it is crucial to understand the mechanism behind this relationship, we are ultimately interested in
the behavior of the total variance of output gap and inflation since up to the second order, the
objective function of monetary policy is a function of the two variances. Therefore, as can be seen
from (17) and (21), in order to understand the behavior of the total variances of output gap and
inflation we also need to consider instantaneous response of these two variables to monetary policy
shock (A, and A7). In this section, using a reasonable calibration, we quantify the effects of a
change in ¢, on the total variance of output gap and inflation which will in turn help us quantify
the effects on welfare.

Recall that the variance of output gap can be written as:

2 2

var () = [Aa (65, 6y, 00:0)]" 5 f“pz + [Ay (6r:0y: 00, ©)] 1f_p2
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The role of p, in shaping this expression is twofold: first, it affects the reduced form parameter A,

as extensively discusses in the previous section, and second, it affects the unconditional variance of

2
Ta

el Since we want to isolate only the first effect, we keep the unconditional

the technology shock
variance of technology shock constant as p, varies, by adjusting the variance of innovations 2. In
addition, we keep the ratio between the unconditional variance of monetary shock and technology

shock constant in order to eliminate the effect of the change in the relative importance of the two

2

shocks. To do so, we adjust the variance of the innovation o7

as p, varies. We calibrate the ratio
between the unconditional variances of the two shocks using point estimates of the shock processes
from Smets and Wouters (2007). In particular, we use the mean of the posterior distribution of
Pu> Oas Py and o, which are 0.95, 0.45, 0.15 and 0.24 respectively. ” The rest of the structural
parameters is calibrated as in the previous section.

Figure 20 displays the variance of output gap as a function of technology shock persistence p,
and monetary policy parameter ¢_. In particular, the variance is given on the z-axis, while the
values of p, and ¢, are given on the z-axis and y-axis respectively. Notice that the shape of the
surface is monotone and that it resembles the inverse of the shape of the instantaneous effect of
technology shock on output gap, given by A,. This is because the technology shock explains larger
part of the total variance, and therefore the total variance inherits the behavior of A, through
A2. In fact, variations in output gap will be the smallest for high values of p, and high values of
¢,.,which is in line with the intuition that monetary policy needs to increase ¢, in order to stabilize
output gap.

Since we want to explore the total welfare in the economy and how its dependence on changes
in ¢, and p, we perform the same analysis for the case of inflation, as its variance is one of the

components of the total welfare. From (21) it is trivial to obtain the variance of inflation:

2 0,2

var (1) = [AT (¢, 0y» Par ©)] : i“pQ + [A7 (6820, 0)] § _”pz (30)

Figure 21 plots the variance of inflation as a function of technology shock persistence p, and

monetary policy parameter ¢,.. Notice that the shape of the surface is rather different than that

"We are aware of the fact that Smets and Wouters (2007) use a richer model which allows for the fluctuations to
be explained by more than these two shocks. However, had their model been estimated with only technology and
monetary policy shock, the importance of the technology shock would be even higher which would be even more in
line with our results.
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of the surface of the variance of output gap. In particular, variance of inflation exhibits highly
non-monotone behavior. Again, as in the case of output gap, this was to be expected considering
that the part of the variance due to the technology shock accounts for the most of the variance.
Therefore, the total variance would inherit the properties of A7 (gbﬂ, Gy Pas @) discussed in the
previous section. There are two things worth noticing here. First, monetary policy stabilizes
variance of inflation as it increases ¢,, which follows from the Taylor principle. However, more
interestingly, the change of p, largely influences the total variance of inflation. In particular, for
low values of ¢, and values of technology persistence around 0.85 variance of inflation will be
the highest. Therefore, given this value of p, monetary authority would have to respond much
stronger to inflation in order to reduce the variance. As can be seen from Figure xx, which plots
the variance of inflation for specific values of ¢ ( 1.1, 1.2 and 1.5) and various values of technology
persistence, the shape of the variance will be highly affected by the size of ¢, .In fact, for a low

value of ¢, change in p, will have very important effects on the variance of inflation.

5.1 No-Trade off Monetary Policy and TFP persistence

We documented that a change in technology persistence has different effects on the total variance
of output and inflation: while the surface of the variance of output gap is monotone, the surface
of the variance of inflation is rather non-monotone. This means that for different values of ¢_ and
p, the effect of a change in monetary policy and technology persistence will have rather different
implications on welfare. Therefore, it would be interesting to examine net effect on the total
welfare, which is straightforward once we have the values of the total variance of output gap and
inflation.

In particular, we assess the performance of a policy rule by using a welfare-based criterion, as
in Rotemberg and Woodford (1999), which relies on a second-order approximation of the utility
losses experienced by a representative consumer as a consequence of the deviations from the effi-
cient allocation. The resulting welfare loss function, expressed in terms of equivalent permanent

consumption decline, is given by:

R o+a\ , € o
WL:§E02K0+1—Q)yt+X7Tt]’ (31)

t=0
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which leads to the following average welfare loss function per period:

1 Y+ - €
AWL = 5 [(a + = a) var (7;) + Xvar (m¢)] - (32)

The average welfare function is a linear combination of the variances of the output gap and inflation.

As in Taylor (1993), we consider the Taylor rule:

it =p+ QT + Oyl

where 3, = log (%) is the log deviation of output from the steady state. We can rewrite this

equation as

it =p+ QT + QU + vy

where v; = ¢,¢;". In this scenario only the technology shock drives the dynamics of the model
and v, is an additional driving force of the nominal interest rate proportional to the deviations of
natural output from the steady state.

Given this setting, we can compute the Average Welfare Loss that results from a change in the
response of the monetary policy to inflation, ¢_. As we showed in the previous section, a change
monetary policy affects the volatility of both inflation and output gap. Moreover, since this effect
depends on the persistence of the technology, we can study how changes in monetary policy affect
the welfare loss for different values of p,. Notice that in this setting there is no trade-off between
output-gap and inflation stabilization: the optimal monetary policy trivially calls for an infinitely
large response to inflation. However, in this section we explore the shape of the welfare loss function
to understand its relationship with the TFP persistence. In the next sub-section we will study the
optimal monetary policy in a setting with trade-off.

Figure 23 plots the average welfare loss as a function of ¢, and p,. The figure shows some
important results. First, an increase in the response to inflation improves the welfare of the agent.
This is an intuitive finding since, as suggested by the Taylor principle, a larger ¢, stabilizes the total
variance of output gap and inflation. Second, the persistence of the technology has a large impact

on welfare, in particular when the monetary authority does not respond strongly to inflation. This
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is due to the fact that in this region the variance of inflation is high, which contributes to the
high welfare loss. Notice that these effects are only driven by the changes in the reduced form
parameters, A, and A,, since we are fixing the unconditional variance of a; to be constant, as in
the previous section. Therefore, for low values of ¢ , the welfare loss is directly related with the
persistence of technology. Finally, as can be seen in Figure 24, when technology becomes more
persistent, an increase in the response to inflation implies a larger change in welfare. In fact, for
values of p, around 0.9 a marginal increase in ¢, reduces welfare loss more significantly. However,
when ¢, is close to 2, the welfare loss is the similar regardless the persistence of the technology. In
conclusion, if the response of the monetary policy to inflation is too weak, an increase in persistence
of the TFP brings a larger welfare loss, if the monetary policy does not update its parameters.
This analysis of the welfare loss function is illustrative, but it is silent about the optimal
monetary policy. Without the presence of cost-push shocks, the monetary authority does not face
any trade-off between stabilizing output gap variance and inflation variance. Therefore the optimal
monetary policy, in this setting, suggests simply responding to inflation as strongly as possible.

The optimal monetary policy in this setup is addressed in the next section.

5.2 Trade off Monetary Policy and TFP persistence

The New Keynesian model presented above has two sources of inefficiency: first, the presence of
market powers in the good market, and second, the presence of the price stickiness at the firm
level. In order to isolate the distortive effect of the price adjustment setting, we can eliminate
the first source of inefficiency by introducing an employment subsidy financed with a lump-sum
tax. To eliminate the second distortion the markups should be identical across firms and goods at
all time and equal to the frictionless markup on average. To achieve this outcome it is necessary
to have a policy that stabilizes marginal costs to the "optimal level". In this case, no firm has
an incentive to adjust her price, thus resulting in a zero- inflation scenario. Therefore, the price
distortion disappears and the level of output equals its natural level, thus implying a zero output
gap as well. Consequently, in the optimal case we have 7, =0, 3, = 0, and 7, = 7}

Therefore, to study the effect of an increased persistence of technology on the optimal monetary
policy, we add cost-push shock in our model, as in Woodford (2003). We rationalize it by assuming

that the elasticity of substitution among goods varies over time according to some stationary
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process ;. The associated desired mark-up is given by

Et
=t 33
t €11 ( )

The resulting inflation equation (Gali, p.113) is then given by:

T = BEAmia} + 85 (Y —yi) + A — ) (34)

where y;' denotes the equilibrium level of output under flexible prices and a constant price markup

. Defining 4, = (y; — 4}") and uy = A (uy' — i), we obtain

Ty = BEt {7Tt+1} + KTy + Uy (35)

Therefore, the presence of cost-push shock modifies the New-Keynesian Philips-Curve in (12)

where u; follows a first order autoregressive process:

Ut = Py Uu—1 + 0uey, where g ~ N (0,1). (36)

We proceed as in Giannoni (2010) to determine the optimal Taylor Rule under commitment.
The monetary authority is assumed to commit to the rule (16), in which the parameters (¢, ¢, )
are chosen to minimize an expected loss function, described below, subject to equilibrium Philips-
Curve (12) and the Euler equation (13), and to the evolution of the exogenous shocks (14) and
(36) .The strategy is to first determine the optimal equilibrium consistent with the Taylor rule
and second, to determine the policy coefficients that attain that equilibrium. The welfare function
is assumed to depend on the present and future deviation of inflation, output gap, and nominal

interest rate from their optimal level:

EWL)=FE {(1 ) Zﬂt [7Tt2 + Ay (G —y*) + N (3 — 2*)} } : (37)

We assume that the optimal level of the output gap y* is zero, and that the optimal value of the
nominal interest rate i* is its steady state value. The expectation operator F is conditional on the

state of the economy at the time the policy is evaluated, before the realization of the shocks in that
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period. The weights )\, and \; are the weights associated to the stabilization of output gap and
nominal interest rate. The welfare relevance of the nominal interest rate stabilization is motivated
by reflecting welfare costs of transactions and an approximation to the zero lower bound.®

In this setting we can compute the optimal values of ¢, and ¢, as functions of the persistence
of the technology p,. It is important to notice that Giannoni (2010) points out the sensitivity of
the determinacy region for this problem to the statistical properties of the exogenous processes.
In particular, restricting to the case in which the Taylor rule parameters are positive, the policy

rule (16) implies a determinate equilibrium if and only if

On + %% > 1.
This relation is dependent on the persistence of exogenous shocks, since they affect the optimal
monetary parameters. In order to study this relationship, we calibrate the model as described in
section 3, assuming in addition that p, = 0.5 and 0, = 0, = 0.01. We then compute the deter-
minacy region as function of the persistence of the technology shock p, and the persistence of the
cost-push shock p,,. Figure 25 display the determinacy region. The sensitivity of the determinacy
of the optimal monetary policy problem, particularly to the persistence of the productivity, is
evident; when its process becomes highly persistent, the problem displays indeterminacy. Never-
theless, in Figure 26 we plot the optimal policy parameters ¢, and ¢, as functions of the persistence
of the technology p, in the determinacy region. We observe that higher TFP persistence calls for
a stronger response for both inflation targeting and output gap targeting. This result confirms
our finding that a higher persistent technology implies a lower ability of the monetary policy to
smooth the volatility of macroeconomic variables, thus leading to a need for stronger actions by
the monetary authority to achieve stabilization. Notice that when the persistence of TFP is partic-
ularly large and close to the boundary of the determinacy region, the monetary policy is required
to react very strongly to inflation.

In order to study the robustness of this result to different calibrations of the model that might
result in a different determinacy region, we conduct the same analysis with different preference

parameters. In particular, we assume a higher curvature of the utility function, by setting o =

8See Giannoni (2010).
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6. It turns out that this parameter plays a key role in shaping the determinacy region of the
optimal problem. Figure 27 displays the determinacy region with this calibration: in this case,
the indeterminacy is achieved for larger values of p, with respect to the benchmark case in which
o = 1. However, as Figure 28 shows, the optimal monetary policy implications are quite similar
to those from the previous calibration: an increase in the TFP persistence requires a stronger
response of the monetary authority in order to offset the loss in its ability to affect the variance of

macroeconomic variables.

6 Conclusion

In this paper we study the interaction between the TFP persistence and monetary policy. We first
provide evidence of an increase persistence of the stochastic process for the total factor productiv-
ity, by using several statistical tools. We compute split sample estimates, rolling window estimates,
recursive estimates, and we finally estimate a time-varying-parameters model augmented with sto-
chastic volatility. These methods suggest that the autoregressive structure of the TFP process has
likely changed, with an increased persistence from value around 0.7 to value around 0.9. A change
in the autoregressive structure of the exogenous process has a first order effect on the equilibrium
of forward looking macroeconomic models. Since policy maker takes into account such equilibria
to set their optimal policy, it is an important question to study how these equilibria depend on the
autocorrelation structure of the exogenous processes. We first consider a simple monetary model
where money are neutral to show, analytically, how the variance of inflation is a non-monotone
function of the TFP-persistence. The non-monotonicity is driven by the interaction of the Fish-
erian equation that defined the nominal interest rate, the Taylor rule used to set the nominal
interest rate as a function of inflation, and the predictability of the real interest rate. We then
analyze a standard New-Keynesian model, featuring staggered price and imperfect competitions.
In this setting money are not neutral, and, thus, the monetary policy affects also real variables.
We derive the relationship between TFP-persistence, monetary policy, and both inflation and out-
put gap dynamics, which are the two welfare relevant variables. Finally, we analyze the optimal
monetary policy as a function of the TFP persistence: ceteris paribus, an increase of the TFP

persistence increases the welfare loss, thus calling for a stronger response to inflation.
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7 TABLES

TABLE 3: PROPERTIES OF THE LAWS OF MOTION OF OUTPUT AND CONSUMPTION

Sample 1: 1950:1- 1982:4 Sample 2: 1983:1-2009:4
Largest Root Std. Dev. Innovations Largest Root Std. Dev. Innovations
Output 0.75 1.00 0.85 0.49
Consumption 0.80 0.52 0.91 0.29

Note: The process of the stationary component of consumption and output is assumed to follow

an AR (4) process. Standard deviations are in percent

TABLE 4: PROPERTIES OF THE LAWS OF MOTION OF TOTAL FACTOR PRODUCTIVITY

Sample 1: 1950:1- 1982:4 Sample 2: 1983:1-2009:4
Largest Root Std. Dev. Innovations Largest Root Std. Dev. Innovations

AR(1)
Varying utilization %'07(‘% ([%..075% %83 %941}
Constant utilization %335% %841] [10..83 %gﬁg

AR(4)
Varying utilization 0.60 0.77 0.84 0.60
Constant utilization 0.63 1.00 0.92 0.59

Note: The largest root of the lag polynomial is a measure of the persistence of the process. In

case of an AR(1) process, the largest root corresponds to the parameters p. Standard deviations

are in percent
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8 Figures

FIGURE 1: ToTAL FACTOR PRODUCTIVITY
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Note: The total factor productivity time series are computed accounting time-varying capacity utilization

The sample includes quarterly observations from 1950:1 to 20010:4. The labor share is equal to 0.64.

FIGURE 2: LOG-SPECTRUM OF THE AR(4) PROCESS OF TOTAL FACTOR PRODUCTIVITY

First Subsample
Second Subsample |

Note: The figure shows the log-spectral density of AR(4) processes of total factor productivity with

time-varying capacity utilization within the frequencies 0 and 7. The solid line is the log-spectrum of

the process estimated in the first subsample (1950:1-1982:4), the dashed line is the log-spectrum of the

process estimated in the second subsample (1983:1-20010:4).
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FIGURE 3: NORMALIZED SPECTRUM OF THE AR(4) PROCESS OF TOTAL FACTOR
PRODUCTIVITY
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Note: The figure shows the normalized spectral density of AR(4) processes of total factor productivity

with time-varying capacity utilization within the frequencies 0 and 7. The solid line is the normalized

spectrum of the process estimated in the first subsample (1950:1-1982:4), the dashed line is the normalized
spectrum of the process estimated in the second subsample (1983:1-2010:4).

FIGURE 4: ROLLING WINDOW ESTIMATE FOR THE LARGEST ROOT AND STANDARD
095

DEVIATION OF INNOVATIONS OF TFP: AR(1) MODEL
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Note: The figure shows the rolling window estimates of the persistence of TFP (solid line) and the
length of 80 quarters.

standard deviation of its error term (dashed line) when assuming an AR (1) structure. The window has
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FIGURE 5: ROLLING WINDOW ESTIMATE FOR THE LARCGEST ROOT AND STANDARD

DEVIATION OF INNOVATIONS OF TFP: AR(4) MODEL
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Note: The figure shows the rolling window estimates of the persistence of TFP (solid line) and the
standard deviation of its error term (dashed line) when assuming an AR (1) structure. The window has

length of 80 quarters.

FIGURE 6: RECURSIVE ESTIMATE FOR THE AUTOREGRESSIVE PARAMETER IN A AR(1)

MODEL FOR TFP
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Note: The figure shows the recursive estimate of the persistence of TFP and the standard deviation of

its error term when assuming an AR (1) structure
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FIGURE 7: RECURSIVE RESIDUALS FOR THE AR PARAMETER IN AR(1) MODEL FOR TFP
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Note: The figure shows the recursive residuals (solid line) for fitting an AR(1) model for TFP, their
standard errors bands (dashed line) together, and the sample point (circle) whose probability values is
below 15 percent. Residuals outside the standard error bands suggest instability in the parameters of the

equation

FIGURE 8: CUMSUM SQUARED STATISTICS FOR THE AR PARAMETER IN AR(1) MODEL FOR

TFP
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Note: The figure shows the CUSUM of squares test statistic (solid line), and the pair of 5 percent critical
lines. Since the CUSUM test moves outside the band approximately in the middle part of the sample,

the diagnostic suggests the presence of a change in the autocorrelation structure of TFP
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FIGURE 9: POSTERIOR MEAN OF THE PERSISTENCE OF A TVP-SV MODEL
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Note: The figure shows the estimated posterior mean (solid line) of the autoregressive parameter p, of
a Time-Varying-Parameters-Stochastic-Volatility model. The model is estimated using a Markov Chain-
Monte Carlo procedure with one million repetitions The 2.5 and 97.5 percentile of the posterior distribution

are also plotted (dashed line).

FIGURE 10: ESTIMATES OF THE PERSISTENCE OF A TVP-SV MODEL

) | |
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Note: The figure shows the estimated posterior mean (solid line) of the variance of the innovation o?

parameter of a Time-Varying-Parameter-Stochastic-Volatility model. The model is estimated using a
Markov Chain-Monte Carlo procedure with one million repetitions. The 2.5 and 97.5 percentile of the

posterior distribution are also plotted (dashed line).
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FIGURE 11: INSTANTANEOUS RESPONSE OF INFLATION TO A TECHNOLOGY SHOCK AS A

FUNCTION OF THE MONETARY POLICY PARAMETER AND THE PERSISTENCE OF TECHNOLOGY

IN THE SIMPLE MONETARY MODEL

Note: The figure shows the instantaneous response of inflation to a technology shock, d,, as a function of

monetary policy parameter ¢, which takes values [1.1,2], and the persistence of technology p,, which

T

takes values [0.5, 1] .The model considered is the simple monetary model.

FIGURE 12: VARIANCE OF INFLATION AS A FUNCTION OF THE MONETARY POLICY

PARAMETER AND THE PERSISTENCE OF TECHNOLOGY IN THE SIMPLE MONETARY MODEL

Note: The figure shows the instantaneous response of inflation to a technology shock, d,, as a function of
monetary policy parameter ¢, which takes values [1.1,2], and the persistence of technology p,, which

takes values [0.5,1]. The model considered is the simple monetary model.
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FIGURE 13: EFFECTIVENESS OF MONETARY POLICY ON THE INSTANTANEOUS RESPONSE OF

INFLATION TO A TECHNOLOGY SHOCK IN THE SIMPLE MONETARY MODEL

Note: The figure shows the effectiveness of the monetary policy on the instantaneous response of inflation
to a technology shock as a function of monetary policy parameter ¢, which takes values [1.1,2], and the
persistence of technology p,, which takes values [0.5, 1] . The model considered is the simple monetary

model. This effectiveness is defined as the change in the response d, to a marginal change in the monetary
policy parameter ¢, i.e. %.
FIGURE 14: INSTANTANEOUS RESPONSE OF OUTPUT GAP TO A TECHNOLOGY SHOCK IN THE

NEW-KEYNESIAN MODEL
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Note: The figure shows the instantaneous response of ouput-gap to a technology shock, A, (-), as a
function of monetary policy parameter ¢, which takes values [1.1,2], and the persistence of technology

Pa> Which takes values [0.5, 1] . The model considered is the new-Keynesian model.
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FIGURE 15: INSTANTANEOUS RESPONSE OF INFLATION TO A TECHNOLOGCY SHOCK IN THE

NEW-KEYNESIAN MODEL

Note: The figure shows the instantaneous response of inflation to a technology shock, A7 (), as a function
of monetary policy parameter ¢, , which takes values [1.1, 2], and the persistence of technology p,, which

takes values [0.5, 1] . The model considered is the new-Keynesian model.

FIGURE 16: VALUE OF THE TFP PERSISTENCE THAT MAXIMIZES THE INSTANTANEOUS
RESPONSE OF INFLATION TO A TECHNOLOGY SHOCK PARAMETER IN THE NEW-KEYNESIAN

MODEL

0.895
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Note: The figure shows the value of the TFP persistence pJ* that maximizes the the instantaneous
response of ouput-gap to a technology shock, A7 (), as a function of monetary policy parameter ¢

T

which takes values [1.1,2]. The model considered is the new-Keynesian model.
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FIGURE 17: EFFECTIVENESS OF MONETARY POLICY ON THE INSTANTANEOUS RESPONSE

OF OUTPUT GAP TO A TECHNOLOGY SHOCK IN THE NEW-KEYNESIAN MODEL

Note: The figure shows the effectiveness of the monetary policy on the instantaneous response of output-
gap to a technology shock as a function of monetary policy parameter ¢,., which takes values [1.1, 2], and
the persistence of technology p,, which takes values [0.5, 1] . The model considered is the new-Keynesian
model. This effectiveness is defined as the change in the response A, (-) to a marginal change in the
monetary policy parameter ¢_, i.e. %‘i').

FIGURE 18: EFFECTIVENESS OF MONETARY POLICY ON THE INSTANTANEOUS RESPONSE

OF INFLATION TO A TECHNOLOGY SHOCK IN THE NEW-KEYNESIAN MODEL

Note: The figure shows the effectiveness of the monetary policy on the instantaneous response of inflation
to a technology shock as a function of monetary policy parameter ¢, which takes values [1.1,2], and
the persistence of technology p,, which takes values [0.5, 1] . The model considered is the new-Keynesian

model. This effectiveness is defined as the change in the response A7 (-) to a marginal change in the

9AG ()
0¢r

monetary policy parameter ¢,_, i.e.
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FIGURE 19: VALUE OF THE TFP PERSISTENCE THAT MAXIMIZES THE EFFECTIVENESS OF
MONETARY POLICY ON THE INSTANTANEOUS RESPONSE OF OUTPUT GAP AND INFLATION TO

A TECHNOLOGY SHOCK IN THE NEW-KEYNESIAN MODEL

(
paff
o
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Note: The figure shows the value of the TFP persistence pi 1@ (dashed line) and psz(w) (solid line) that
maximizes the the instantaneous response of ouput-gap and inflation respectively to a technology shock,
AT (+), as a function of monetary policy parameter ¢_, which takes values [1.1, 2] . The model considered

is the new-Keynesian model.

FIGURE 20: VARIANCE OF OUTPUT GAP AS A FUNCTION OF THE MONETARY PoOLICY

RESPONSE TO INFLATION AND THE PERSISTENCE OF TECHNOLOGY

Total Wariance of Output Gap

varloutput gap)

Note: The figure shows a variance of output gap as a function of monetary policy parameter ¢, which

takes values [1.1,2], and the persistence of technology p,, which takes values [0.5, 1] .
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FIGURE 21: VARIANCE OF INFLATION AS A FUNCTION OF THE MONETARY POLICY

RESPONSE TO INFLATION AND THE PERSISTENCE OF TECHNOLOGY

Total “ariance of Inflation

Note: The figure shows a variance of inflation as a function of monetary policy parameter ¢, which

takes values [1.1,2], and the persistence of technology p,, which takes values [0.5, 1].

FIGURE 22: VARIANCE OF INFLATION AS A FUNCTION OF TECHNOLOGY PERSISTENCE FOR

DIFFERENT VALUES OF MONETARY PoOLICY RESPONSE TO INFLATION

fu} L 1 L L 1 L L L 1
0.5 0.55 0.6 0.65 o7 0.75 0.a 0.85 0.9 0.95 1
Pa

Note: The figure shows a variance of inflation as a function of technology persistence parameter p,,

which takes values [0.5, 1], for three different values of monetary policy parameter ¢, : 1.1,1.2 and 2.
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FIGURE 23: AVERAGE WELFARE L0SS AS A FUNCTION OF THE MONETARY PoLICY

RESPONSE TO INFLATION AND THE PERSISTENCE OF TECHNOLOGY

Note: The figure shows average welfare loss as a function of monetary policy parameter ¢, which

takes values [1.1,2], and the persistence of technology p,, which takes values [0.5, 1].

FIGURE 24: EFFECT OF A MARGINAL CHANGE IN MONETARY PoOLICY RESPONSE TO
INFLATION ON THE AVERAGE WELFARE L0SS AS A FUNCTION OF THE MONETARY PoLICY

RESPONSE TO INFLATION AND THE PERSISTENCE OF TECHNOLOGY

Marginal AWL

Note: The figure shows the effect of a marginal change in monetary policy parameter ¢_on the
average welfare loss (given by the derivative of the average welfare loss with respect to ¢, ) as a function

of monetary policy parameter ¢, , which takes values [1.1, 2], and the persistence of technology p,, which
takes values [0.5, 1]
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FIGURE 25: INDETERMINACY REGION FOR THE OPTIMAL MONETARY POLICY WITH o = 1.

Note: The figure shows the indeterminacy region of the optimal policy problem assuming that o = 1,
as a function of the persistence of the technology, p,, and the persistence of the cost-push shock, p,,.The

dots represents a combination of the (p,, p,) that lead to a determinate equilibrium

FIGURE 26: OPTIMAL MONETARY PARAMETERS AS FUNCTION OF THE PERSISTENCE OF

TECHNOLOGY WITH o = 1.

Note: The figure shows the optimal monetary policy parameters ¢, (solid line) and ¢, (dashed line) as
a function of the persistence of the technology p,, when o = 1. The optimal parameters are computed

only inside the determinacy region, assuming p, = 0.5.
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FIGURE 27: INDETERMINACY REGION FOR THE OPTIMAL MONETARY POLICY WITH o = 6.

L L L L L L L L L )
0 01 0.2 0.3 0.4 0.5 0.6 (U 0.8 0.9 1

Note: The figure shows the indeterminacy region of the optimal policy problem assuming that o = 6,
as a function of the persistence of the technology, p,, and the persistence of the cost-push shock, p,,.The

dots represents a combination of the (p,, p,) by which there is a determinate equilibrium.

FIGURE 28: OPTIMAL MONETARY PARAMETERS AS FUNCTION OF THE PERSISTENCE OF

TECHNOLOGY WITH o = 6.

Note: The figure shows the optimal monetary policy parameters ¢, (solid line) and ¢, (dashed line) as
a function of the persistence of the technology p,, when o = 6. The optimal parameters are computed

only inside the determinacy region, assuming p, = 0.5.
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Appendix 1
ESTIMATION PRIORS AND RESULTS
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Appendix 2
FORMAL DESCRIPTION OF THE TWO MODELS
TBW
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APPENDIX 3
Proof Theorem 1
Proof. Differentiating (5) with respect to p,, we have:
o2 2% 0202

™ a 2 _ _
O (1= p,)* (6, — pa)’° (Hoa=pat 0 =1)

Equating the expression above to 0 and solving for p,, we obtain

., L1F/5—4¢,

pCL = 2
If ¢, > 2, there are no values p,, such that |p,| < 1, for which g%if = 0.Therefore, if ¢, > 2, the

variance of inflation is monotone in p,

Finally, computing the second derivative:

P2 20°0%02 [3 4 202 + Tp, + 3p2 — 3p2 — 4¢,. (1 +2p,)]
)

(0p,)° (1= o)’ (6r — pa)’

and evaluating at the optima p}, we have:

P — 34+ I(1F /56 —4g,) +3(1F/5—44,)
@) | —2 (1 /B—10,)" —4(2F /5 40,) 6, + 207

The last expression is negative for p; = Vo “;Hm and ¢, < g, which assures that (9) is the

. - . 1—4/5—4¢ . ..
maximum, whereas it is positive for p;* = —~=—" and ¢, < 2, so that p’* is the minimum. m

Proof Theorem 2

Proof. Taking the derivative of (10) with respect to p,, we obtain

P00 oY (=24 p + p4)

agbﬂ'apa B <¢7r - pa)g

Equating this expression with zero and solving for p,, we obtain (11). Finally, computing the

third-order derivative:

o4



0%, (=3 + 26, + p,)

— = =200
a¢7r (alaa)2 (¢7r - pa)4
and evaluating it at the optimum p, we have:
D304 .
0 () = —ov <0,
9¢, (9p,)

9o
9¢r

Since the third order derivative is negative, p! is a maximum of |

Proof Theorem 3
Proof. The inequality (26) comes directly from differentiating A, (qbﬂ, Bys P> @) with respect to
¢., as in (24) . Since by assumption p, € (—1,1) and 8 < 1, this partial derivative is always
positive.

Differentiating A, (gbﬂ, Gy Pas @) with respect to p, we have:

¢, (1= Bp,)? + K [=1+ Bp2 + ¢, (1 + B —28p,)]
(1= Bp,) (0 (1= pa) +6,) + 5 (dr — pa)]”

O Ao (07, 0y, P4 ©)
0 pq

= Yo

The denominator is obviously always positive. The first term in the numerator is also positive

(1-6)(1-p0)(1—a)

eta) "
9(1—atas) (a + 1_a) is also positive,

since ¢, and § and p, are less than unity. Then, since k =

we need to prove that

—1+ Bp% + ¢ (L+ 8 —28p,) > 0.

Provided that (1 + 8 —28p,) > 0, then, since ¢, > 1 we have:

1+ B2+ ¢, (L+8—28p,) > 1+ Bp2+1+8—28p, =B (p, — 1) >0

where the last inequality comes from the restriction on g and p,.
Finally, we need to prove that (1 + 8 —28p,) > 0. If p, < 0 the expression is trivially satisfied.

If p, > 0, rearranging the terms we obtain:

1
1+ﬁ—26pa>0<:>pa<ﬂ<1,

25

where the last equality depends on 3 being less then unity. Since p, € (—1,1), the inequality is

95



always satisfied. m

Proof of Theorem 4
Proof. Differentiating (23) with respect to p, we have:

b, = B9, + k(b —1) = Bo(p,=1)"
(1= Bpa) (0 (1= p,) +6,) + 56, —p,)]

O AT (¢, bys Pas O)
d p,

= Ko

The solution of the expression above equated to zero is:

VB [0, (1= B) + K (6, — 1)]
. = 1=E .

P 30

Obviously, only the solution with the minus is inside the unit circle. Also, the argument

Bo (¢, (1= B) + (¢, — 1)]

is always positive when the structural parameters satisfy the restrictions in the hypothesis. To

prove that the pI* is the maximum of \Ag (ngTr, Py Pas @) |, we need to show that the second deriv-

02 AL (¢ 0y:00,0)

ative 2 ).

is positive (since AT (¢, d,, p,, ©) is negative). It is not possible to sign
the second derivative at the optimum analytically. Numerical computation shows that the second

derivative condition is satisfied for any values in the restricted parameter space. =

Proof of Theorem 5

0 A7 (6r:0y:P0:0)

I with

Proof. First let us analyze the effectiveness of inflation. The derivative of

respect to p, is:

O AL (00,0000, 0) _ o [0, (L4 B0 =2)) 5 (bn+p0 = 2) — 0 (pu = 1) (300, — 26— 1)]
0 ¢x0p, (1= Bp.) (0 (1= po) + @) + 5 (60 — pa)]°

2 AL (6rs0y00:0)
0 ¢,0p,

By setting 0
obtain (29).

= 0, solving for p,, and considering the solution in the unit circle, we

a A'er <¢7\'7¢y7p(l’®)

70 with

Analogously, consider the effectiveness of output gap. The derivative of

respect to p, 1s:

26



(ﬁ_1)(ﬂpa_1)¢y+/q’(pa_2+Bpa+¢7r(1+ﬁ_2610a))
0 A7 (60:6,:00,0) _ o +0 (p, — 1) (1+ 8 =38p, + 520, (=1 + 2p,))
0 ¢x0p, (1= Bp.) (0 (1= pa) +6,) + 5 (65— pa)]”

Aa(¢r:8y:00,0)
0 ¢-0p,

(28) . To prove the the solution is effectively a maximum, we compute the third order derivative

83 Ag (¢7r7¢y7p’u’e)
0 $,03p,

parameter space. Since it is not possible to sign this third-derivative analytically, given the large

. 0? . . . . .
By setting = 0, solving for p,, and considering the only real solution, we obtain

, we evaluate it at the optimum, and observe that it is negative in the restricted

interaction of many structural parameters, we study it numerically. m
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